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Abstract
The well known PUNQ-S3 reservoir model represents a
synthetic problem which was formulated to test the abil-
ity of various methods and research groups to quantify the
uncertainty in the prediction of cumulative oil production.
Previous results reported on this project suggest that the
randomized maximum likelihood (RML) method gives a
biased characterization of the uncertainty. A major objec-
tive of this paper is to show that this is incorrect. With
a correct implementation of the RML method within a
Bayesian framework, we show that RML does an adequate
job of sampling the a posteriori distribution for the PUNQ
problem. In particular, the true predicted oil production
lies within the band of predictions generated with the RML
method and is not biased.

Very recently, the Ensemble Kalman Filter has gained
notoriety, because it is very easy to couple with any reser-
voir simulator, allows one to continuously assimilate dy-
namic data as the forward simulation run is done and al-
lows one to characterize uncertainty in performance pre-
dictions. When applied to the PUNQ data set, we show
that this method also gives a reasonable quantification of
the uncertainty in performance predictions with an uncer-
tainty range similar to the one obtained with RML.

Introduction
The PUNQ-S3 reservoir represents a synthetic model based
on an actual North Sea reservoir, Floris et al.1. The prob-
lem was set up as a test case to allow various research
groups to test their ability to characterize the uncertainty
in reservoir performance predictions given some geologic

information on the reservoir, hard data at well grid blocks
and some scattered production data from the first eight
years of production. Then participants were asked to pre-
dict cumulative oil production for 16.5 years of total pro-
duction and characterize the uncertainty in this predic-
tion. The uncertainty bands varied widely and five of
the eleven “P10” to “P90” uncertainty bands generated
by various groups did not contain the “correct” cumula-
tive oil recovery predicted from the truth, suggesting that
the associated methods were biased. Two of the “biased”
methods, IFP-Oliver and NCC-Oliver, refer to a method
for sampling the posteriori pdf presented by Oliver et al.2
and also mentioned briefly by Kitanidis3. In recent years,
this method has been most commonly referred to as the
randomized maximum likelihood (RML) method. Two
different proofs4,5 have been presented which show that
the RML method samples the posterior probability den-
sity function (pdf) correctly if data is linearly related to
the model, however, no rigorous theoretical foundation ex-
ists for the method when the relation between data and
model is nonlinear, which is the case when the data repre-
sent production data. Nevertheless, two single-phase flow
studies suggest the method does an adequate job of sam-
pling when the observed conditioning data represent pres-
sure data obtained under single-phase flow conditions5,6.
Both papers assumed the prior model was represented by
a multivariate Gaussian distribution. Reynolds et al.5 used
the RML method to generate 50 conditional realizations of
gridblock permeabilities and porosities on a 25 × 25 × 10
simulation grid. These realizations were conditioned to
well test pressure data obtained during a three day test.
The cumulative oil production from the true model for
1000 days of production with all wells produced at spec-
ified values of bottomhole pressure fell near the center of
the band of predictions made from the conditional realiza-
tions. This, of course, does not prove that the uncertainty
in performance predictions was correct, but it does indi-
cate that RML did not give biased results. The work of
Liu and Oliver6 did not consider the uncertainty in per-
formance predictions but instead focused on the distribu-
tion of realizations of porosity and permeability and the
distribution of data and model mismatch terms for a one-
dimensional single-phase flow problem. The data matched
consisted of pressure data from one producing well and
two observation wells. They compared results from vari-
ous methods for sampling the posteriori pdf including the
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Markov chain Monte Carlo method which provides a the-
oretically sound method of sampling a pdf. The problem
was sufficiently small so that they could efficiently gener-
ate chains that included millions of states. Liu and Oliver
concluded that RML gave a reasonable characterization
of uncertainty which compared to the presumably correct
MCMC method of sampling, although RML sampling did
result in a slightly wider band of uncertainty.

As noted above, for the PUNQ-S3 problem, IFP-Oliver
and NCC-Oliver characterization of uncertainty in cumu-
lative oil production gave biased results. Although details
of the implementations are not completely transparent, it
is known1 that the IFP-Oliver did not sample from the
prior and thus does not represent a proper implementation
of RML. For the NCC-Oliver characterization, prior sam-
pling was used, but the exact prior model used is unclear,
fixed pilot points were used and additional noise were not
added to the observed data. Thus, their implementation
may not strictly represent the RML method. Moreover,
based on the discussion provided in Floris1, it appears that
the bias in the NCC-Oliver results may be largely due to
the fact these results were generated with a different sim-
ulator (Athos) whereas cumulative oil production for the
true case was predicted using Eclipse.

Barker et al.7 revisited the PUNQ-S3 problem focusing
on results generated from three methods, the pilot point
(PP) method, importance sampling (IS) and a particular
implementation of Markov chain Monte Carlo (MCMC).
In their results, a deterministic relation between horizon-
tal log-permeability and porosity and a deterministic rela-
tionship between vertical permeability and horizontal per-
meability were used. Thus, the model parameters that
are adjusted by optimization include only gridblock (or
pilot point) values of porosity. Importance sampling re-
lies on predicting production data corresponding to ob-
served data for each of several realizations generated from
the prior model. Its reliability depends largely on being
able to obtain some realizations from the prior that give
predicted data in acceptable agreement with the observed
production data. With one prior model, they found 15 out
of 700 unconditional realizations gave a reasonable match
of data and the corresponding characterization of uncer-
tainty of cumulative productions (results label IS-1) were
reasonable. With a slightly different prior, zero out of 700
unconditional realizations from the prior gave predicted
data in acceptable agreement with the observed data which
suggests that no samples corresponding to modes of the
likelihood function were obtained. In this case, one would
not expect to obtain a reliable characterization of the pdf.
With the prior model excluded from objective function,
they were able to match data but with many values of
porosity equal to the values specified by the upper or lower
bound. Since this is an unsatisfactory result, they modi-
fied the pilot point method (PP-2) to include a prior term,
but were then unable to match production data.

The “Adaptive Chain” MCMC results presented by

Barker et al. are quite intriguing as the results give a very
narrow band for the uncertainty in production forcasts yet
include the true cumulative production within the band.
They acknowledge that the short length of the Markov
chain (1000 states) may not be long enough to give correct
samples of the pdf and that the 10 realizations generated
from the chain may not be enough to give an adequate
characterization of the pdf, but argue that the resulting
characterization of the uncertainty in cumulative oil pro-
duction are correct. While we have no evidence to indicate
their conclusion is wrong, we should note that the results
of Liu and Oliver6 suggest that much longer chains are
needed to obtain convergence when using MCMC. Barker
et al. implicitly note that they may not have obtained a
correct sampling of the model parameters since they based
their model on an isotropic variogram and used the same
variogram in each layer; this may indicate the prior model
is not critical for the PUNQ-S3 problem if the only ob-
jective is to characterize the uncertainty in cumulative oil
production.

Given the tools available at the time the PUNQ-S3
problem was formulated, we view the progress on the char-
acterization of uncertainty reported by Floris et al.1 as
quite remarkable. Now however, it is understood how to
implement the adjoint method8,9 for calculating sensitivi-
ties in a multiphase simulator10. Moreover when optimiza-
tion is done with the limited-memory BFGS algorithm11,
automatic history matching requires calculation of only the
gradient of the objective function which can easily be com-
puted with the adjoint method. With this combination of
the adjoint method and LBFGS, Zhang and Reynolds12
showed that large scale history matching problems are fea-
sible regardless of the number of model parameters and
regardless of the number of dynamic data to be matched.
We use this optimization procedure with the RML method
to show that RML gives a reasonable characterization of
the uncertainty in performance predictions for the PUNQ-
S3 problem.

Very recently, some research groups have begun exten-
sive work on using the ensemble Kalman filter to assimi-
late data and characterize the predicted performance. The
ensemble Kalman filter (EnKF) was originally introduced
by Evensen13 as a sequential data assimilation algorithm.
The sequential algorithm consist of two major steps, first, a
forecast step which is equivalent to running the simulation
to predict data at the next assimilation time step, second,
an analysis and updating step which includes the implicit
calculation of the Kalman gain matrix and updating the
model parameters so that they are consistent with data.
EnKF is a Monte Carlo approach, where an ensemble of
reservoir model is used to construct the error statistics of
model parameters and predicted data. The ensembles of
states are effectively a set of unconditional realizations for
the next assimilation time step and simultaneously, based
on the accuracy of the sampling method, include the co-
variance of the model parameters, the covariance of the
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predicted data and the covariance between model param-
eters and predicted data. The EnKF method has been
applied in oceanography14 and weather forecasting13,15.
Naevdal et al.16,17 were the first to apply the method to
reservoir characterization and history matching. Recently,
Gu and Oliver18 applied it to the PUNQ-S3 data set al-
though is a somewhat different way than is used in this
work.

The advantage of the EnKF is that no sensitivity cal-
culations are required, i.e., the work of developing adjoint
code for a specific simulator is avoided and the EnKF
method can be easily coupled with any reservoir simulator.
Furthermore, dynamic data (production data in our case)
is assimilated continuously in time and covariances are up-
dated. This means new production data or seismic data
can be assimilated as they become available; there is no
need to rerun the simulator from time zero and match the
old data and no iteration is necessary; the idea is the old
data is automatically honored because it was incorporated
as covariances were updated.

In many ways, the EnKF is similar to the RML
method, the starting set of ensembles represent a set of
unconditional realizations from the prior model, possibil-
ity conditioned to hard data. Each ensemble is undated by
“matching data” generated with a realization of data ob-
tained by adding noise to the observed data, exactly as in
RML. In fact, using the ideas applied by Gu and Oliver19,20
to relate the MAP estimate to the ensemble Kalman fil-
ter, we can rigorously prove that if data are linearly re-
lated to the model, then the EnKF and RML are identical
algorithms21; hence, in case where data is linearly related
to the model (vector of model parameters), both sample
correctly. In the nonlinear case, no theoretical equivalence
has yet been established. In this work, we apply the en-
semble Kalman filter to the PUNQ-S3 problems for the
purpose of assessing the uncertainty in performance pre-
dictions and compare the results with those obtained with
RML.

Randomized Maximum Likelihood
From Bayes’ theorem, the a posteriori probability density
function (pdf) for the model (or vector of model parame-
ters) conditional to a vector of observed production data
dobs is given by

p(m|dobs) = c exp[−O(m)], (1)

where c is the normalizing constant and O(m) is given by

O(m) =
1
2
(m−mprior)T C−1

M (m−mprior)

+
1
2
[g(m)− dobs]T C−1

D [g(m)− dobs]

+
1
2
[Ghm− dobs,h]T C−1

D,h[Ghm− dobs,h]. (2)

In Eq. 2, m is the model, or vector of model parame-
ters, and is an Nm-dimensional column vector that con-
tains all model parameters to be simulated, mprior is the

prior mean, and CM is the Nm × Nm covariance matrix
of the prior model. It is important to note that this re-
sult assumes the prior model m is multivariate Gaussian,
which is at best only an approximation for the PUNQ-
S3 model. The vector of observed data, dobs, is an Nd-
dimensional vector that contains all observed production
data, and g(m) is an Nd-dimensional vector that contains
predicted production data corresponding to dobs. The ma-
trix CD is the covariance matrix for data measurement
errors, which for the PUNQ-S3 example, is a diagonal ma-
trix with entries defined based on the noise level specified
for the PUNQ-S3 problem. The other observed data vec-
tor, dobs,h, which appears in Eq. 3 represents hard data
measured at the wellbore which was also provided to par-
ticipants in the PUNQ study and CD,h is the covariance
matrix for hard data measurement errors. The matrix Gh

represents the operator used to calculated predicted hard
data for a given model m; if there were no noise in ob-
served hard data, and mtrue is the true model, then we
would have

Ghmtrue = dobs,h. (3)

As for the case of hard data, the values of the diagonal
elements of CD,h were specified based on the noise level
specified for the PUNQ-S3 model. It is assumed that
all measurement errors are independent Gaussian random
variables with zero means.

As shown later, with the geologic information given to
the PUNQ-S3 participants, it is possible to generate a re-
alistic prior model which is multivariate Gaussian and has
the assumed form

f(m) = exp

(
− 1

2
(m−mprior)T C−1

M (m−mprior)

)
, (4)

and thus, we are able to generate a reasonable characteri-
zation of the posterior pdf of Eq. 1.

Assuming no uncertainty in the prior mean, an condi-
tional realization can be generated by the standard RML
procedure which follows:

• Generate an unconditional realization of the prior
by sampling the multivariate Gaussian pdf of Eq. 4;
this can be done using a Cholesky decomposition of
CM for small problems or by sequential Gaussian
simulation22 for larger problems.

• Add noise to the observed production data and the
observed hard data, respectively, by

duc = dobs + C
1/2
D zD, (5)

and
duc,h = dobs + C

1/2
D,hzD,h. (6)

Here, C
1/2
D is a diagonal matrix with entries equal to

the square roots of the corresponding diagonal en-
tries of CD and C

1/2
D,h is defined in a similar way. The

vectors zD and zD,h represent vectors of independent
standard random normal deviates.
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• Find the model mc which mimimizes

Or(m) =
1
2
(m−muc)T C−1

M (m−muc)

+
1
2
[g(m)− duc]T C−1

D [g(m)− duc]

+
1
2
[Ghm− duc,h]T C−1

D,h[Ghm− duc,h]. (7)

• Check to see if the preceding model mc gives an ac-
ceptable match of the data. This is done based on
the assumption12,23,24 that if mc is a legitimate real-
ization of the posterior pdf of Eq. 1, then we should
have

1− 5
√

2
Nt

≤ ON (mc) ≤ 1 + 5
√

2
Nt

, (8)

where Nt is the total number of observed data (hard
plus production) and ON (mc) = Or(mc)/Nt is the
normalized objective function. If mc does not satisfy
Eq. 8, then it may mean that the optimization has
resulted in a local minimum or a poor optimization
scheme has been applied24. But, it can also mean the
prior model is incorrect, the noise level in data has
been underestimated or modelling error which can
be significant25 has been neglected.

LBFGS Algorithm
Recent work12,24 indicates that the limited memory
Broyden-Fletcher-Goldfarb-Shanno (LBFGS) algorithm is
an efficient robust optimization algorithm for large scale
automatic history matching. In generation of realizations
of the a posteriori pdf of Eq. 1 by the RML method, auto-
matic history matching refers to minimizing the objective
function of Eq. 7. The efficiency of the LBFGS method
relies on the fact that each iteration of the algorithm re-
quires only one adjoint solution to generate the gradient
of the objective function and that sufficiently good ap-
proximations of the inverse Hessian are generated so that
convergence is obtained in a reasonable number of itera-
tions. As this single adjoint solution requires less compu-
tational work than one simulation run, the work required
to calculate this gradient is not prohibitive. Each iteration
requires an approximate line search. With an efficient line
search technique24, the step size calculated based on the
information of the previous step satisfies the strong Wolfe
conditions for most iterations. If not, one iteration of the
line search is often enough to satisfy the Wolfe conditions.
Thus, the computational effort per iteration of LBFGS typ-
ically usually less than the work required to do two forward
runs of the reservoir simulator. Our experience is that for
many problems, convergence is usually obtained in no more
than 50 iterations, but for some problems, on the order of
100 iterations is required.

Because a large scale history matching problem is ill-
posed, some care must be taken to avoid converging to
a local minimum which does not give a good match of

data, or obtaining a good match of data but with a history
matched model that is unreasonable based on the geology
represented in the prior model. In particular, overshooting
(unrealistically large values of model parameters) or un-
dershooting (unrealistically small values of model param-
eters) can easily occur10,24. When the model parameters
are gridblock log-permeabilities and porosities, overshoot-
ing and undershooting results in rough permeability fields
with abnormally high values in gridblocks that are in close
proximity to gridblocks which have abnormally low values.
Overshooting and undershooting becomes especially prob-
lematic in an optimization algorithm when the initial guess
for the model results in very large data mismatches. The
problem can be controlled by using some form of damp-
ing of changes in model parameters at early times or by
using constraints. The LBFGS implementation used here
is described in Gao and Reynolds24. As discussed later,
for history matching the PUNQ-S3 problem, we condition
to hard data first which results in a model that does not
give an extraordinarily high mismatch of production data.
Because of this, we do not use damping but do use con-
straints which are imposed by the log-transformation24.
Specifically, we let mj denote the jth component of the
model m and let ml,j and mu,j , respectively, denote the
lower and upper bound for mj , for j = 1, 2, · · ·Nm. Then
mj is replaced by the transformed variable, sj , defined by

sj = ln
(mj −ml,j

mu,j −mj

)
. (9)

Note if mj → mu,j , then sj → ∞ and if mj → ml,j , then
sj → −∞. Thus, the boundaries due to the constraints
are removed and the unconstrained LBFGS algorithm can
be applied to the objective function rewritten as a func-
tion of s = [s1, s2, · · · sNm

]T . The relationship between the
derivatives of any function f(m) with respect to mj and
its derivative with respect to sj can be obtained from the
chain rule.

Three criteria are used to terminate the optimization
algorithm. Even though the optimization is done in terms
of the transformed variable, we actually write the conver-
gence criteria in terms of the original model. The first
criterion is the relative change of the objective function
given by

|O(mk+1)−O(mk)|
|O(mk)|

< 10−4, (10)

where mk is the model obtained at the kth iteration of
the optimization algorithm. For our history matching
problems of interest, |O(mk)| is never zero so division by
|O(mk)| is acceptable. The second criterion is the relative
model change given by

max
j

{ |mk+1
j −mk

j |
max |mk

j |, 1

}
< 5× 10−3, (11)

where mk
j is the jth component of mk. For history match-

ing problems, we have found that the LBFGS algorithm
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on rare occasions generates a search direction along which
the calculated step size that satisfies the Wolfe conditions
is so small that both convergence criteria given above are
satisfied, but the gradient is not very small. At a mini-
mizer, the norm of the gradient should be zero. To avoid
false convergence, a third convergence criterion is imposed,
i.e., we also require that

max
{ |(∇O(mk)

)
j
mk

j |
Nt

}
< 5× 10−3, (12)

where
(
∇O(mk)

)
j

denotes the jth component of the gra-
dient evaluated at mk. The criterion of Eq. 12 is a modi-
fication of the relative gradient criterion26.

Observed Data for PUNQ-S3
The original simulation grid for the PUNQ-S3 problem
consists of a 19× 28× 5 grid with ∆x = ∆y = 180 meters
and 1761 active gridblocks. The top structure map of the
field, as shown in Fig. 1, shows that the field is bounded
to the east and south by a fault, and links to the north
and west to a fairly strong aquifer. A small gas cap is
located in the center of the dome shaped structure. The
field initially contains 6 production wells located around
the gas-oil contact. Positions for 5 extra in-fill wells (X1-
X5) were also defined. We do not consider these wells in
this work.

The production consists of a first year of extended well
testing, followed by a three year shut-in period, and then
12.5 years of production with 14 days of shut annually
to collect buildup pressure data. The production rates for
each well during the first year of well testing for each of four
three-month periods are 629 (STB/day), 1258 (STB/day),
629 (STB/day) and 314.5 (STB/day) respectively. Subse-
quently, the production rate at each of the six wells was set
to 943.5 (STB/day) except during shut in periods. How-
ever, this rate is a target rate, and if the bottom hole flow-
ing pressure for a well falls below a limiting bottom hole
pressure of 1764 psi, the well is constrained to produce at
a bottomhole pressure of 1764 psi.

A complete description of how the truth was gen-
erated and how the true porosity, horizontal permeabil-
ity and vertical permeability fields were used to gener-
ate the production data are available on the TNO web
site (http://www.nitg.tno.nl/punq/). The true rock prop-
erty fields were generated using sequential Gaussian co-
simulation. Some of the key geostatistical parameters used
to generate the truth are listed in Tables A-1 and A-2 of
Barker et al.7. The true fields, or how they were generated,
were unknown to the participants in the original PUNQ-S3
study.

In our history matching work, we use the Chevron
Limited Application Simulation System (CLASS). As
CLASS does not include the analytical aquifer model op-
tion used in Eclipse simulator, we were forced to use an
alternate means to simulate an aquifer. Here, we simply
used gridblocks to represent an aquifer by converting some

of the inactive cells in the original model to a active cells
containing only water and adding a row of gridblocks with
high pore volume along the north and south edges and
one column of gridblock of high pore volume along the
west edge. These additional gridblocks plus the inactive
cells converted to active cells represent the aquifer. Poros-
ity and permeability in the aquifer were fixed, although
we could have adjusted them during the history matching
process.

Because, we use a different simulator with a differ-
ent aquifer model, we did not use the noisy production
data given on the PUNQ website but instead regenerated
true production data at the same times as in the origi-
nal PUNQ-S3 study with the simulator we use in history
matching. We then generated noise based on the specified
noise levels for different data and added this noise to the
true data calculated with CLASS to obtain our observed
production data. The intent of this process was to remove
bias in the characterization of uncertainty due to the fact
we do not use Eclipse as the simulator for RML.

The production data generated consist of (i) 6 shut-in
bottom hole pressure data in each well after 1, 4, 5, 6, 7 and
8 years production; (ii) 8 flowing bottom hole pressure data
in each well after 1 day, 3, 6, and 9 months of production,
and immediately before the shut-in period after 5, 6, 7,
and 8 years of production; (iii) 5 gas-oil ratio (GOR) data
obtained after 4.5, 5, 5.5, 6.5 and 7.5 years of production
in well PRO1, 4 GOR data after 5, 5.5, 6.5 and 7.5 years
of production in well PRO2, and 4 GOR data after 5, 6, 7,
and 8 years production in all other wells; (iv) 3 water-oil
ratio (WOR) data after 7, 7.5, and 8 years of production
in well PRO11 that experienced water breakthrough, and
1 WOR data after 8 years of production in all other wells.
So, there are total of 84 bottom hole pressure data, 25
GOR data and 8 WOR data. These are the same number
of data and collected at the same times under the same
operating conditions as in the original PUNQ-S3 study1,7.
The difference is that we generated these true data using
CLASS to remove bias in uncertainty calculations caused
by the different simulator numerics and formulation and
the different aquifer models.

In Fig. 2, black and red curves represent the bottom
hole pressure and GOR in well PRO1 generated by CLASS
based on the modified reservoir model with a “numerical”
aquifer, and the black and red open circles are the bottom
hole pressure and GOR data in the same well generated
with Eclipse based on the original reservoir model with an
analytical aquifer. The latter data are from the output
file from Eclipse listed on the TNO website. Noise has ap-
parently been added to these Eclipse output data. Despite
this, and the different characteristics of the simulators, the
bottom hole pressure and GOR behaviors generated by the
simulator CLASS based on the modified reservoir model
are similar to those generated by the simulator Eclipse
based on the true model. Similar agreement was observed
between pressure, WOR and GOR at all but one other well
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where the difference between GOR’s was larger.
To generate the observed data, dobs, for history match-

ing using our code, we added Gaussian noise to the true
production data generated from CLASS using the noise
level specified in the original PUNQ-S3 study. Specifically,
the standard deviations of the noise added to the true data
are 1 bar (14.5 psi) for shut-in bottom hole pressures, 3
bars (43.5 psi) for flowing bottom hole pressures, 10% of
the true values for GOR data less than 90 sm3/sm3 (or
505 scf/STB), 25% of the true values for GOR data greater
than 90 sm3/sm3 (or 505 scf/STB), and the greater of 25%
of the true value or 0.02 for WOR data. Actually in the
original PUNQ-S3 study they used water cut data, but
here we use WOR data in RML and water cut data when
applying the ensemble Kalman filter; for the data consid-
ered here, there is little difference between water cut and
WOR.

In evaluating uncertainty using the ensemble Kalman
filter, we used the Eclipse simulator but also used a numeri-
cal aquifer as in CLASS. Here the true data were generated
with Eclipse and then the same noise level used to gener-
ate observed production data for history matching using
CLASS was done. Thus, the observed data used to his-
tory match using LBFGS coupled with adjoint code and
CLASS are not exactly the same as the production data as-
similated using the ensemble Kalman filter. However, the
two sets of data were obtained under the same operating
conditions (well constraints) and at the same times.

Hard Data. The observed hard data at well gridblocks,
dobs,h, including porosities, log horizontal permeabilities
(ln(k)) and log vertical permeabilities (ln(kz)), are shown
in Table 2. They were generated by adding Gaussian noises
with standard deviation equal to 15% of their true values.
These hard data are used in both the RML method and
the ensemble Kalman filter method. We should note that
these data are not the same as used in the PUNQ-S3 study
as in there results the normalized hard data for porosity,
horizontal log-permeability and vertical log-permeability
were identical which is unreasonable unless only porosity
is measured and the other hard data are based on a deter-
ministic relation with porosity.

Construction of Prior Model
Participants in the PUNQ study1 were not required to use
a Bayesian approach and thus did not necessarily explic-
itly construct a prior model for use in history matching.
The prior model used by Barker et al.7 was considerably
different from the prior model used to generate the true
PUNQ-S3 model. Also, different prior models were used
for the pilot-point (PP) method and the Markov Chain
Mont Carlo (MCMC) method. For the PP method, how-
ever, only gridblock porosities were included as model pa-
rameters and gridblock values of horizontal permeability
and vertical permeability were generated from the porosity
values using deterministic relationships. These determin-
istic relations were estimated from the well (hard) data.

In our approach, model parameters include φ, ln(k) and
ln(kz) in all active gridblocks not contained in the aquifer.
Here, k denotes horizontal permeability and kz denotes
vertical permeability.

Barker et al.7 state that they constructed a prior model
for porosity from well data, but do not provide specific
details. Here, we show a reasonable prior model can be
constructed from well data combined with the geologi-
cal description that was provided to participants in the
PUNQ-S3 study; some of the geologic information is given
in Table 1. We can summarize this information and infer
additional information as follows:

• Layers 1, 3, and 5 consist of 2 different facies, chan-
nel sand (facies 1) and shale (facies 2). From infor-
mation given in Table 1, we can infer some useful
information about the percentage of each layer occu-
pied by each facies. The width of channels in layer
3 is about 1000 meters with an average spacing be-
tween centerlines of channels of about 3500 meters.
Based on this, we infer that the fraction of the vol-
ume occupied by facies 1 (channel sand) is about
p1 = 1000/3500 = 0.2857 and the fraction occu-
pied by facies 2 is p2 = 0.7143. From Table 1, we
see these exact same fractions apply to layer 5. Al-
though, the fractions are slightly different for layer
1, we will apply the same fractions for layer 1 as
we need to treat these layers equal to have enough
information to build a prior model. A third facies
(mouthbar) is present in layer 4 but not present in
any other layer so the fraction of volume occupied
by facies 3 in layers 1, 2, 3 and 5 is given by p3 = 0.
(Later, we treat each these fractions as the proba-
bility that a particular facies occupies a particular
gridblock of a layer.)

• In layers 1, 3 and 5, the principle direction of
anisotropy was given as 110 to 170 degrees southeast
or equivalently, -20 to -80 degrees measured from the
positive x-axis in our coordinate system. Although
the average is −50◦, we actually used −40◦ as the
principle direction of channels in our model, because
this is what Barker et al.7 used.

• The porosity of channel sand is greater than 20%.

• Layer 4 is composed of 2 facies, mouthbar (facies 3)
with an approximate lobate shape embedded in shale
(facies 2). The lobate shape is expressed as an ellipse
(ratio of the axes = 3:2) with the longest axis (here
measured from the x-axis between 20◦ and 80◦. We
assume the longest axis is at an angle of 40◦. Again
based on the information of Table 1, we see that the
fractions of the volume of layer 4 that are occupied by
facies 2 and 3, respectively, are given by p2 = 0.725
and p3 = 0.275. As no channel sand is located in
layer 4, p1 = 0.

• The porosity of the mouthbar facies is about 15%.
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• Layer 2 is consists of 100% shale (facies 2) without
distinctive anisotropy. Thus, in layer 2, p1 = p3 = 0,
and p2 = 1.0

From Table 2, we see that of the 18 hard data for
porosities measured in layers 1, 3 and 5, 8 porosity val-
ues are larger than 0.2 and thus we assume they represent
channel sand, i.e., 44.4% of the data were sampled in chan-
nel sands even though, based on the discussion above only
about 28.57% of the volume of layers 1, 2 and 3 correspond
to channel facies. In layer 4, all the sampled data are in
the mouthbar facies because all observed porosities in layer
4 are close to 0.15 even though mouthbar facies only oc-
cupies about 27.5% of the volume. Our prior model uses
the same prior mean for all gridblock porosities in a layer.
We wish to generate a mean value of porosity (different
for each layer) that accounts for the relative volumes of
the layer that are occupied by each facies.

If a hard data for porosity data at a point in layers
1, 2, 3 or 5 corresponds to a porosity value greater than
0.2, the measured porosity and associated measurements
of ln(k) and ln(kz) are assumed to correspond to channel
sand. Averaging all such values for each reservoir variable
gives the mean values of porosity, ln(k) and ln(kz) for chan-
nel sand. Then we estimate the variance of each variable
directly. We then repeat this process for the mouthbar and
shale facies to obtain the means and standard deviations
of φ, ln(k) and ln(kz). These results are summarized in
Table 3.

The mean value of φ for layer j is then estimated by

φ̄j = p1,j φ̄1 + p2,j φ̄2 + p3,j φ̄3, (13)

where pi,j , i = 1, 2, 3 is the percentage of ith facies in layer
j , and φ̄i, i = 1, 2, 3 is the mean porosity of the ith fa-
cies. Similarly, we can also estimate the mean values of
ln(k) and ln(kz) in each layer. These results are included
in Table 4.

Next, it is assumed that porosity is a Gaussian random
field. From the geological description, we found above that
the probability of φ < 0.2 in layers 1, 3 and 5 is 0.7143,
i.e.,

P (Z <
0.2− φ̄1,3,5

σφ,1,3,5
) = 0.7143 = P (Z < 0.567), (14)

where Z is a standard normal variable with mean zero
and variance equal to unity, and thus, the last equality in
Eq. 14 can be found using standard statistical tables for
the one-tailed Gaussian integral. From Eq. 14, the stan-
dard deviation of porosity in layers 1, 3, and 5 is calculated
as

σφ,1,3,5 =
0.2− φ̄1,3,5

0.567
= 0.1034. (15)

The standard deviation of the porosity field in layer
4 is determined by the same method and is given by
σφ,4 = 0.056. Layer 2 consists of only shale so in layer

2, the standard deviation of porosity field is equal to the
standard deviation of the shale facies, i.e., 0.0289.

The plot of hard permeability data shown in Fig. 3
indicates that ln(k) and ln(kz) are correlated. The black
circles in Fig. 3 represent the observed well data, and the
black line is given by

ln(kz) = ln(k)− 1.1305. (16)

This line was fit to the data under the assumption that
kz = ak.

Fig. 4 shows a plot of ln(k) and ln(kz) versus poros-
ity constructed from hard data. As shown, the values of
ln(k) and ln(kz) do not vary much in the channel sand fa-
cies (φ ≥ 0.2). However, in the shale and mouthbar facies,
there is a strong correlation between ln(k) and φ and ln(kz)
and φ. The black circles represent the observed ln(k) data
and the red triangles represent the observed ln(kz) data.
The black line represents the least squares fit of the ln(k)
versus φ data using only values corresponding to φ < 0.2
and is given by

ln(k) = 24.107φ + 1.4605. (17)

The red line in Fig. 4 represents the line obtained by using
Eq. 17 in Eq. 16 and is given by

ln(kz) = 24.107φ + 0.33. (18)

Note this line give a reasonable fit of the ln(kz) versus φ
data for φ < 0.2. We use the last two equations to estimate
the standard deviation of ln(k) and ln(kz) as

σln(k) = 24.107σφ. (19)

σln(kz) = 24.107σφ. (20)

Finally a correlation coefficient between φ and ln(k)
was computed as

ρφ,ln(k) =
1

Nhd

3∑
j=1

ρj
φ,ln(k)N

j
hd, (21)

where Nhd is the total number of hard data for each rock
property, N j

hd is the total number of hard data for each
rock property of jth facies, and ρj

φ,ln(k) is given by

ρj
φ,ln(k) =

1
σj

φσj
ln(k)

1
N j

hd − 1

Nj
hd∑

i=1

(φj
i − φ̄j)

(
ln(kj

i )− ln(kj)
)
,

(22)
In Eq. 22, the computation combines all layers as some lay-
ers do not have enough data to assume Eq. 22 gives a rea-
sonable estimate. However, the means used in Eq. 22 refers
to mean values for each facies, e.g., when φj

i corresponds to
a channel sand porosity measurement, φ̄j is the mean value
of porosity for channel sand and when φj

i corresponds to a
mouthbar porosity measurement, φ̄j is the mean value of
porosity for facies 3. Eq. 22 gives ρφ,ln(k) = 0.83. Roughly
similar values were obtained for the correlation coefficient
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between φ and ln(kz) and we actually simply set all these
correlations equal to 0.83.

Table 4 gives values of the pertinent parameters
needed to define a multivariate Gaussian prior model. All
of these parameters were estimated directly from the hard
(well) data and the rough geological description. (The es-
timated means and standard deviations of porosity and
permeability in all 5 layers are quite close to the truth, see
Tables A-1 and A-2 of Barker et al.7.) However, using a
multivariate Gaussian prior model, the porosity and per-
meability field generated with the estimated geostatistical
parameters listed in Table 4 yield unrealistically high or
low values (e.g. negative porosities) because of the very
large variances. Thus, we truncate such values by specify-
ing upper and lower bounds for the rock property fields.
The upper bounds and lower bounds of φ, ln(k) and ln(kz)
for each facies are set equal to their means plus or minus
3 times their standard deviations. The lower bounds of
φ, ln(k) and ln(kz) for all layers are determined by the
lower bounds of shale facies estimated by this procedure.
In layers 1, 3 and 5, the upper bounds of φ, ln(k) and
ln(kz) were determined by those of channel sand facies.
In layer 2, their upper bounds are determined by those of
shale facies. And in layer 4, their upper bounds are deter-
mined by those of mouthbar facies. The estimated upper
and lower bounds, denoted by subscripts of max and min
respectively, are listed in Table. 4.

In Table 4, α denotes the angle from the x-axis to
the principle direction (direction with maximum correla-
tion range) as discussed previously; r1 and r2 denote the
minimum and maximum correlation range. For layers 1, 3
and 5, the values of r2 were specified as the average width
of channels, 2624.7 (ft), 3280.8 (ft) and 6561.6 (ft) respec-
tively, and the values of r1 were chosen equal to the total
length of the reservoir, 16535.4 (ft). For layer 2, we chose
r1 = r2 = 8257.7 (ft), half of the total length of the reser-
voir. For layer 4, r1 is set to the average width of mouthbar
facies, 9022.3 (ft), and r2 = 1.5r1.

From the preceding results on correlation ranges, az-
imuth angles, correlation coefficients between rock prop-
erty fields and the information provided in Table 4, we
can generate anisotropic spherical variograms, one for each
layer, where we assume there is no correlation between
model parameters in different layers. Using the standard
relation between a variogram and covariance for stationary
random fields allows us to construct the covariance matrix
for the prior model.

Conditional Realizations, RML and EnKF
A suite of unconditional realizations were generated us-
ing joint sequential multi-gaussian simulator developed by
Gómez-Hernández et al.22. For the RML method only 10
realizations were generated. For the Ensemble Kalman fil-
ter 90 unconditional realizations were generated.

Conditional Realizations with RML. To obtain a
conditional realization starting from a specific uncondi-

tional realization muc, we apply a three step process. First,
we condition to hard data by minimizing

Ohd(m) =
1
2
(m−muc)T C−1

M (m−muc)

+
1
2
[Ghm− duc,h]T C−1

D,h[Ghm− duc,h]. (23)

This procedure does not require any reservoir simulation
runs and converges in about 20 iterations, but typically
yields unrealistic values including negative porosity values.
After this step, all gridblock values of φ, ln(k) and ln(kz)
are truncated by setting them to values within the lower
and upper bounds given in Table 4 to obtain mt. Next,
we recondition each model obtained to hard data using
the upper and lower bounds as constraints and using opti-
mization based on the transformed variables given in Eq. 9
where the log-transformation of the elements of mt provide
the initial guess. Again no simulation run is required. The
model obtained at the end of step 2 is denoted by mc,h.
Using this as the initial guess, we now minimize the objec-
tive function of Eq. 7 using constrained optimization, i.e.,
optimization is done in terms of the transformed variables
(Eq. 9).

After generating ten conditional realizations with
RML using data obtained during the first 8 years of pro-
duction, each conditional realization is input into CLASS
to predict the performance of the reservoir for an addi-
tional 8.5 years. Thus for each conditional realization, we
have a reservoir performance prediction for a total of 16.5
years. The PUNQ-S3 study focused on the uncertainty in
the cumulative oil production for the total 16.5 year pe-
riod.

Ensemble Kalman Filter. For the EnKF method, 90
unconditional realizations of the prior were generated with
sequential Gaussian co-simulation. Each of these realiza-
tions were truncated using the bounds specified by the min-
imum and maximum values given in Table 4 and the hard
data was also truncated using this method. The truncated
hard data was assimilated using the ensemble Kalman fil-
ter and the resulting updated ensembles were then trun-
cated again. The resulting 90 ensembles effectively pro-
vide the suite of 90 starting models for the assimilation
of production data, which is done on a step by step ba-
sis using only one forward run of the reservoir simulator
for each member of the ensemble. In the assimilation of
production data, no truncation is done and no constraints
are imposed. Whether it is necessary to use 90 ensem-
ble members is unclear, but extensive experiments we did
clearly established that we could not get good results with
10. Unlike Gu and Oliver18, we do not assume determinis-
tic relationship between ln(k) and φ or between ln(kz) and
ln(k).

In the PUNQ-S3 example, at each well, a target oil rate
is specified and a minimum bottomhole pressure is speci-
fied as a constraint. If the well can produce at the specified
oil rate without falling below the minimum bottomhole
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pressure, the well produces at this rate. Otherwise, the
well is produces at a constant bottomhole pressure equal
to the minimum specified. This makes the problem more
interesting. From the history matching viewpoint, we are
trying to match observed bottomhole pressure, but when
the simulator operates at a fixed bottomhole pressure, the
bottomhole pressure ceases to be useful data because the
predicted bottomhole pressure is insensitive to all model
parameters. In the LBFGS algorithm, when this occurs
at some iteration, we use the target oil rate as pseudo-
data as this enhances the rate of convergence and quickly
yields a model which can produce at the specified rate
while remaining above the allowable minimum bottomhole
pressure.

The difficulty caused by the change in the well’s op-
erating condition causes a more interesting problem when
assimilating data by the ensemble Kalman filter as data
are included in the state vector. If one uses wellbore pres-
sure data in the state vector, but in the prediction step,
the well can not produce at the specified oil rate and stay
above the minimum bottomhole pressure, then the “pre-
dicted” bottomhole pressure is set equal to the specified
minimum bottomhole pressure and thus no longer repre-
sents a prediction based on the model generated at the last
time at which data was assimilated. Experiments we have
done indicates that this tends to significantly diminish the
reliability of the ensemble Kalman filter method, and in
and of itself can cause overshooting21.

Perhaps because of this problem caused by minimum
bottomhole pressure constraint, Gu and Oliver18 did not
use only pressure, water cut and producing GOR data
in their application of the Ensemble Kalman filter to the
PUNQ problem. They added rate “data” with a small
amount of noise.

We use a quite different procedure. We do not use rate
data, but instead use only water cut, wellbore pressure and
GOR data, but during the assimilation of production data,
we set atmospheric pressure as the minimum bottomhole
pressure, effectively, we remove the minimum bottomhole
pressure constraint. Thus, with rare exception, a well can
meet the target rate and the wellbore pressure generated
from the simulator does reflect a prediction based on the
state vector at the previous assimilation step. In the final
future prediction phase after assimilation of data during
the first 8 years, we of course use the constraints set by
the originators of the PUNQ-S3 model to predict perfor-
mance for the remaining 8.5 years so again we have set of
reservoir predictions for a 16.5 year producing period.

The mathematical details for the basic implementa-
tion of the ensemble Kalman filter for “history match-
ing” applications has been well explained in previous
publications16,17,18. In our application, included in the
state vector are gridblock pressures, water saturations, gas
saturations and dissolved gas-oil ratios, gridblock porosi-
ties, horizontal and vertical log-permeabilities, and data
(bottomhole pressure, GOR and water cut).

Results
RML. Production data generated from a particular con-
ditional realization of the model are shown by blue curves
in Figs. 5 through 7 with the predictions generated from
the unconditional realization shown by red curves. Data
for both the history matching period (the first 2920 days or
equivalently 8 years) and the subsequent 8.5 year predic-
tions are shown. Circular data points represent the entries
of the production data vector duc used in the objective
function of Eq. 7. Interestingly, the prior model is suf-
ficiently accurate that conditioning only to hard data ob-
tained at the wells is almost sufficient to give a good match
of data, although the model generated by history matching
all data gives a much better representation of the predic-
tions generated with the true model. In fact, matching
the production data after first conditioning to hard data
required in all cases fewer than 30 iterations of the LBFGS
algorithm. For a couple of conditional realizations, the cri-
terion of Eq. 8 was not quite satisfied but we still obtained
good matches of production data and accepted these mod-
els as legitimate conditional realizations.

Although it is somewhat difficult to see from the re-
sults presented in Fig. 5, with the unconditional realiza-
tion, the simulator can not meet the target oil rate and
produces at the specified minimum bottomhole pressure
(1764 psi) during all flowing periods. After conditioning
to well data, the porosity and permeability around this
well are increased to high values close to the truth, and
for this well, the target oil rate can be met throughout the
16.5 period.

Unconditional and Conditional Realizations. Fig. 8
shows the true horizontal log-permeability field and Fig. 9
shows one unconditional realization of horizontal log-
permeability for layers 1 through 5. In all such figures,
layer 1 is always on the left and layer 5 on the right.
Compared with the truth, the unconditional realization
exhibits on average lower gridblock values of horizontal
log-permeability and as expected, does not have the chan-
nel sands in the correct place. Similar results are observed
for porosity and vertical log-permeability fields.

Fig. 10 shows the conditional realization corresponding
to the unconditional realization of Fig. 9. Note that after
conditioning to production data, the porosity and perme-
ability in layer 3 through 5 and the resulting geological
structure are more reminiscent of the true model. Note
that conditioning to data had a fairly small effect on the
ln(k) values of layer 1. This is not completely surprising
since wells produce only from layers 3 through 5 so the
production data are expected to be somewhat less sensi-
tive to the rock property fields in layer 1. One would guess
that GOR and pressure data are somewhat more sensitive
to the layer 2 properties since the properties of this layer
(especially at gridblocks immediately beneath the gas cap)
will affect how gas moves from the gas cap to the producing
wells.
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The average horizontal log-permeability fields of layer
1 through 5 obtained by averaging results from the 10 con-
ditional realizations are shown in Fig. 11. The results of
Fig. 12 show the averaged ln(k) fields obtained by av-
eraging the 90 realizations generated from the ensemble
Kalman filter. The two sets of averaging are fairly simi-
lar and bear some resemblance to the geology of the true
model. This is quite encouraging as it supports the validity
of each method.

Reservoir Performance Predictions. Fig. 13 shows
the cumulative oil production performances predicted with
10 unconditional realizations. A red curve in Fig. 13, as
well as in Figs. 14 through 21, is used to represent a predic-
tion generated with the true model. The results of Fig. 13
indicate that the cumulative oil production performance
predicted with the unconditional realizations are biased;
all unconditional realizations result in cumulative oil pro-
duction less than the truth because the values of perme-
abilities in the well gridblocks are smaller than the true
values and the average reservoir porosity is lower. With
the true model, most wells can produce at the specified
production rate throughout almost all of the 16.5 produc-
tion period without falling below the specified minimum
bottomhole pressure, whereas, the target rate can not be
maintain with most of the unconditional realizations, see
Fig. 5.

Fig. 14 show the cumulative oil productions predicted
with 10 conditional realizations obtained by conditioning
to both hard data and production data obtained with the
RML method. Fig. 15 shows corresponding results gener-
ated with the 90 ensembles used in the EnKF method. The
truth (red curves) lies within the band of predictions gen-
erated with both the RML method and the EnKF method;
i.e.,the methods do not give biased results. Note the un-
certainty in predicted reservoir performance is quite small,
especially, compared to the uncertainty in predictions gen-
erated with unconditional realizations. Similar results are
observed for the cumulative gas and water production, see
Figs. 16 through 21.

Comparison with PUNQ-S3 Results The PUNQ-S3
study focused on quantifying the uncertainty in cumulative
oil production for the total 16.5 year production period.
Results were presented in terms of a “P10” to “P90” uncer-
tainty band1 with circular dots representing the P50 result.
These results are reproduced in Fig. 22, but we have nor-
malized the results by the cumulative oil production for the
truth case and added the results obtained with RML and
the ensemble Kalman filter, as well as the results of Barker
et al.7 obtained with the pilot point method (Elf-PP) and
Importance Sampling (IS1 and IS2). The results labelled
NCC-Oliver and IFP-Oliver were supposedly based on the
RML method, but as noted previously, do not represent a
correct implementation of RML. Note the results labelled
RML are unbiased and give results comparable to those ob-
tained by Barker el al.7 with IS-1 and Elf-PP even though

we used a different prior model than Barker et al. and
we used a strict Bayesian process. It would be interesting
to compare the average model obtained by the different
methods and to compare the uncertainty in predicted cu-
mulative gas production, cumulative water production as
well as compare results from the different methods on a
well by well basis. Unfortunately, the relevant results gen-
erated by other authors are not available to us.

As noted previously, conditioning to hard data before
conditioning to production data makes the history match-
ing or assimilation of production data relatively easy. In
fact, the uncertainty bands obtained from models condi-
tioned only to hard data are not significantly larger than
those obtained by conditioning to both production and
hard data. Thus, we redid the problem without using any
hard data. Fig. 23 shows four sets of results. Those labeled
RML1 and EnKF1 correspond to the results obtained by
integrating both hard and production data. Those labeled
RML2 and EnKF2 correspond to the results obtained using
only production data. Again, these results represent P10
to P90 confidence intervals. In the RML case, the lowest
value in a confidence interval represents the lowest cumula-
tive oil production predicted with any of the 10 conditional
realizations. In the ensemble Kalman filter case, the low-
est cumulative oil production value shown represents the
ninth lowest value predicted with the 90 ensembles.

In Fig. 23, we note that the uncertainty bars are
slightly larger for results obtained without using hard data.
This is as it should be and is encouraging. Comparing
RML1 and RML2, we find that when we do not use hard
data, seven of the ten conditional realizations give a pre-
diction higher than the truth. This appears to be a result
of the fact that several grid block values of rock properties
in these conditional realizations were equal to the upper
bound; it is possible that somewhat different results would
have been obtained if we used the damped version of the
LBFGS algorithm27, but we wished to use the same con-
strained algorithm based on the log-transformation for all
cases. On the other hand EnKF1 (hard plus production
data) gives a confidence band that barely contains the true
cumulative oil production band at its lower end, whereas
when no hard data were used, the true cumulative oil pro-
duction is at the center of the confidence band (EnKF2).
We suspect that this is due to the truncation process used
in the assimilation of the hard data and will investigate
this in the near future.

Production Predictions, EnKF. Figs. 24and 25 show
the bottom hole pressure and production GOR in well
PRO1 generated by ECLIPSE for the true model and all 90
ensembles. The blue curves represent data from the true
model. The gray curves show the results from the ensem-
bles during both the data assimilation period (first 8 years)
and the subsequent 8.5 year prediction period. Red curves
represent the average production data from all ensembles.
The average bottom hole pressure is in good agreement
with the true data but during late part of the prediction
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period, the average of all ensemble bottomhole pressures
falls below the truth. However, the true bottom hole pres-
sure always is encompassed near the center of predictions
from the ensembles. In Fig. 25 the average of GOR data
from the 90 ensembles is somewhat different from the truth
in the time period following gas breakthrough but as more
data is assimilated, the average GOR of the ensembles be-
comes quite close to the truth.

Fig. 26 shows the water cut in the well PRO11. Be-
fore the water breakthrough of the true model at this well,
some of ensembles begin to breakthrough, but later when
the first water cut data (a low value) is encountered, al-
most all the ensembles give a close match of that data, and
hence the early peak in the water cut data is diminished
towards zero. During the prediction period the average
water cut for the ensembles is very close to the truth.

Discussion and Conclusions
Any method used to integrate dynamic data into reser-

voir description should exhibit several desirable character-
istics; the method should be (i) computationally robust
and efficient, (ii) able to give a match of the dynamic data
that is consistent with the noise level in the data, (iii) able
to preserve the underlying geology, (iv) able to correctly
characterize the uncertainty in performance predictions,
(v) able to characterize the uncertainty in reservoir descrip-
tion with regard to the distribution of rock properties and
important geologic features such as faults and boundaries
between facies, (vi) able to characterize the uncertainty in
the distribution of fluids which is critical for infill drilling
programs and (vii) be available in or easily incorporated
into software.

Many methods satisfy well one or more or these charac-
teristics, but do a poor job of satisfying others. For exam-
ple, the SPSA algorithm recently introduced into the his-
tory matching literature28 satisfies criterion (vii) extremely
well, but thus far has not proved to be very computation-
ally efficient and often has difficulty satisfying (iii). Grad-
ual deformation satisfies condition (iii) very well but our
experience28 is that it does not satisfy (ii) and it is not clear
how well it would do in characterizing the uncertainty for
the PUNQ-S3 problem.

All evidence we have, including the results presented
in this paper, indicate that the randomized maximum like-
lihood (RML) method implemented with appropriate op-
timization tools10,12,24 satisfies characteristics (i) through
(v) but not (vii). Based on the PUNQ example, the en-
semble Kalman filter (EnKF) satisfies (i) through (v) plus
characteristic (vii), but as this is a relatively new method,
it is not known whether this result is general. Although
we did not encounter overshooting with the EnKF, Gu
and Oliver18 did, and in one example problem, Naevdal
et al.17 found that the average permeability field drifted
farther from the truth as more data were assimilated even
as the uncertainty in performance predictions decreased.
(We have not explored characteristic (vi) in the example

considered here.)
As noted above, the EnKF algorithm can be quickly

coupled with any reservoir simulator, whereas, the RML
procedure used here requires adjoint code, and the proper
implementation of the adjoint method appears to depend
on specific knowledge of the numerics of the reservoir simu-
lator used. Regarding, computational efficiency, it required
about five times as many equivalent reservoir simulation
runs to obtain 10 conditional realizations with RML as
were required to generate 90 ensembles with EnKF for the
case where both hard and production data were used. The
ensemble Kalman filter method has the advantage of sim-
plicity in terms of its implementation, and is more flexible
to use and easily adapted to diverse applications. How-
ever, if the number of data to be assimilated at a particular
time step becomes large as in seismic data, the overhead
cost of the numerical linear algebra required in the EnKF
method will be significant. With recent modifications27,
the LBFGS algorithm is quite efficient, often requiring only
one forward simulation run per iteration and one adjoint
solution per iteration and often converges in far fewer than
100 iterations. With the LBFGS method, increasing the
number of dynamic data to be matched does not decrease
the computational efficiency of the algorithm.

Relative to original motivation for this study, we con-
clude that, at least for the PUNQ-S3 problem, the RML
and EnKF methods give a reliable assessment of the un-
certainty in reservoir performance predictions.

Nomenclature

C = covariance matrix
d = vector of data (units depend on data type)

m = vector of model parameters
Nm = number of data or model parameters

O = objective function
σ = standard deviation

Subscripts
k = iteration index, or permeability
l = lower bound

m = model
obs = observed

prior = prior mean
u = upper bound
φ = porosity

Superscripts
T = transpose
−1 = inverse
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Layer Facies Width Spacing
1 Channel Fill 800 m 2-5 km
2 Lagoonal Shale
3 Channel Fill 1000 m 2-5 km
4 Mouthbar 500-5000 m 10 km
5 Channel Fill 2000 m 4-10 km

Table 1: Sedimentary facies, estimated width and spacing for major flow units in each layer.

Well 1 2 3 4 5 6
Layer 1-φ 0.0825 0.2298 0.2412 0.0807 0.0832 0.2535

Layer 1-ln(k) 3.6743 6.5140 6.0850 4.0519 3.5502 5.5903
Layer 1-ln(kz) 2.2059 0.2298 6.1176 3.7693 3.0413 6.1981

Layer 2-φ 0.0631 0.0684 0.0716 0.0867 0.0954 0.1044
Layer 2-ln(k) 3.2129 3.0137 2.5084 2.7883 4.2405 3.8122
Layer 2-ln(kz) 1.2633 0.9875 1.0094 1.8578 3.4015 2.4284

Layer 3-φ 0.1219 0.0995 0.2382 0.2887 0.0799 0.1521
Layer 3-ln(k) 4.6476 3.8683 5.7408 6.2875 4.2277 4.7780
Layer 3-ln(kz) 2.5500 3.3104 5.4433 5.5541 3.2929 4.6214

Layer 4-φ 0.1618 0.1504 0.1660 0.1599 0.1484 0.1994
Layer 4-ln(k) 5.5268 6.5330 4.8816 4.9159 5.6424 6.1363
Layer 4-ln(kz) 4.3646 3.6502 4.1680 3.1715 3.5704 3.8065

Layer 5-φ 0.2383 0.1625 0.0987 0.1271 0.2909 0.2418
Layer 5-ln(k) 5.4004 6.1618 3.0654 4.8846 6.0195 7.3068
Layer 5-ln(kz) 5.6233 5.9546 2.5284 2.9698 5.5591 6.0218

Table 2: Observed hard data for PUNQ-S3.

Facies φ σφ ln(k) σln(k) ln(kz) σln(kz)

Channel Sand 0.2528 0.0238 6.118 0.603 5.536 0.770
Shale 0.0986 0.0289 3.905 0.930 2.758 1.280

Mouthbar 0.1643 0.0185 5.606 0.656 3.789 0.430

Table 3: Estimated means and standard deviations for 3 different facies.
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Layer1 Layer2 Layer3 Layer4 Layer5
φmin 0.012 0.012 0.012 0.012 0.012
φmax 0.324 0.185 0.324 0.220 0.324
φmean 0.143 0.099 0.143 0.117 0.143

σφ 0.101 0.029 0.101 0.056 0.101
[ln(k)]min 1.12 1.12 1.12 1.12 1.12
[ln(k)]max 7.93 6.70 7.93 7.57 7.93
[ln(k)]mean 4.54 3.91 4.54 4.37 4.54

σln(k) 2.49 0.93 2.49 1.35 2.49
[ln(kz)]min -1.08 -1.08 -1.08 -1.08 -1.08
[ln(kz)]max 7.85 6.60 7.85 5.08 7.85
[ln(kz)]mean 3.55 2.76 3.55 3.04 3.55

σln(kz) 2.49 0.93 2.49 1.35 2.49
α -40 0 -40 40 -40

r1 (m) 800 2520 1000 2750 2000
r2 (m) 5040 2520 5040 4125 5040

Table 4: Geostatistical parameters for PUNQ-S3.

Figure 1: PUNQS3 structure map.
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Figure 3: ln(k) vs. ln(kz) plot.
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Figure 4: ln(k) and ln(kz) vs. φ plot.
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Figure 5: Pressure match, RML.
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Figure 6: GOR match, RML.
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Figure 7: WOR match, RML.
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Figure 8: True horizontal log permeability for PUNQ-S3.
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Figure 9: An unconditional realization of horizontal log permeability for PUNQ-S3.
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Figure 10: A conditional realization of horizontal log permeability for PUNQ-S3.
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Figure 11: Means of horizontal log-permeability for RML.
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Figure 12: Means of horizontal log-permeability for EnKF.
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Figure 13: Cumulative oil produc-
tion, unconditional.
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Figure 14: Cumulative oil produc-
tion, RML.

0 1 4 6 0 2 9 2 0 4 3 8 0 5 8 4 00

1 x 1 0 7

2 x 1 0 7

3 x 1 0 7

Cu
m

ula
tiv

e 
Oi

l P
ro

du
cti

on
 (S

TB
)

T i m e  ( D a y )

Figure 15: Cumulative oil produc-
tion, EnKF.
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Figure 16: Cumulative gas produc-
tion, unconditional.
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Figure 17: Cumulative gas produc-
tion, RML.
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Figure 18: Cumulative gas produc-
tion, EnKF.

0 1 4 6 0 2 9 2 0 4 3 8 0 5 8 4 00 . 0
2 . 0 x 1 0 6

4 . 0 x 1 0 6

6 . 0 x 1 0 6

8 . 0 x 1 0 6

1 . 0 x 1 0 7

Cu
m

ula
tiv

e 
W

at
er

 P
ro

du
cti

on
 (S

TB
)

T i m e  ( D a y )

Figure 19: Cumulative water produc-
tion, unconditional.
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Figure 20: Cumulative water produc-
tion, RML.
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Figure 21: Cumulative water produc-
tion, EnKF.
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Figure 22: P10-P90 confidence intervals, original PUNQ-S3 study.
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Figure 23: P10-P90 confidence intervals, RML and EnKF.
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Figure 24: Pressure match, EnKF.
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Figure 25: GOR match, EnKF.
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Figure 26: WOR match, EnKF.


