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Summary 
A method based on the ensemble Kalman filter (EnKF) for 
continuous model updating with respect to the combination of 
production data and 4D seismic data is presented. When the 
seismic data are given as a difference between two surveys, a 
combination of the ensemble Kalman filter and the ensemble 
Kalman smoother has to be applied. Also, special care has to 
be taken because of the large amount of data assimilated. Still, 
the method is completely recursive, with little additional cost 
compared to the traditional EnKF. The model system consists 
of a commercial reservoir simulator coupled with a rock 
physics and seismic modelling software. Both static variables 
(porosity, permeability, rock physic parameters, etc.) and 
dynamic variables (saturations and pressures) may be updated 
continuously with time based on the information contained in 
the assimilated measurements. The method is applied to a 
synthetic model and a real field case from the North Sea. In 
both cases, the 4D seismic data are different variations of 
inverted seismic. For the synthetic case, it is shown that the 
introduction of seismic data gives a much better estimate of 
reservoir permeability. For the field case, the introduction of 
seismic data gives a very different permeability field than 
using only production data, while retaining the production 
match. 

 
Introduction 
The Kalman filter was originally developed to update the 
states of linear systems.1 For a presentation of this method in a 
probabilistic, linear least-squares setting, see e.g., Tarantola.2 
However, this method is not suitable for non-linear models, 
and the ensemble Kalman filter (EnKF) method was 
introduced in 1994 by Geir Evensen for updating non-linear 
ocean models.3 The method may also be applied to a combined 
state and parameter estimation problem.4-6 Several recent 

investigations have shown the potential of the EnKF for 
continuous updating of reservoir simulation models, as an 
alternative to traditional history-matching.7-12 The EnKF 
method is a Monte Carlo type sequential Bayesian inversion, 
and provides an approximate solution to the combined 
parameter and state estimation problem. The result is an 
ensemble of solutions approximating the posterior probability 
density function for the model input parameters (e.g., 
permeability and porosity), state variables (pressures and 
saturations), and other output data (e.g., well production 
history) conditioned to measured, dynamic data. 

Conditioning reservoir simulation models to seismic data 
are a difficult task.13 In this paper we show how the ensemble 
Kalman filter method can be used to update a combined 
reservoir simulation/seismic model using the combination of 
production data and inverted 4D seismic data. There are 
special challenges involved in the assimilation of the large 
amount of data available with 4D seismic, and the present 
work is based on the work presented by Evensen,4,14 and 
Evensen and van Leeuwen.15 In the following, the combined 
state and parameter estimation problem is described in a 
Bayesian framework, and it is shown how this problem is 
solved using the EnKF method, with emphasis on the 
application to 4D seismic data. When the seismic data are 
given as a difference between two surveys, a combination of 
the ensemble Kalman filter and the ensemble Kalman 
smoother has to be applied. Special challenges involved when 
the amount of data is very large are discussed. The validity of 
the method is examined using a synthetic model, and finally a 
real case from the North Sea is presented. 
 
The combined state and parameter estimation 
problem 
Following Evensen,4 we want to solve the combined state and 
parameter estimation problem. We consider a (generally) 
nonlinear model, which is discretized in time, and we want to 
estimate a model state u = u(x,t) at fixed times t0, t1, …, tn, i.e., 
u0, u1, …, un. Further we assume that u is discretized in space, 
i.e., un ∈ RNu. In addition, the model depends on some poorly 
known parameters represented by the vector α ∈ RNα. To 
constrain the model, there are some prior information about 
the parameters, and also measurements of some of the 
components of u, collected at the times, t1,t2, …,tn. Thus the 
measurements can be divided into a sequence of measurement 
vectors, d1, d2, …,dn, and the relation between u and d can be 
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represented by a matrix Hk, which contains only zeroes and 
ones and picks out the components of u, which are measured 
at a time tk. That is,  

kkkk uHd ε+= , ............................................................ (1) 

where εk represents a measurement error. 
In our case, the forward model consists of a commercial 

reservoir simulator coupled to a rock physics/seismic 
modelling tool. The rock physics model is a standard model 
based on the Gassman equations for fluid substitution. In the 
current work, only inverted seismic data are used. However, 
the model includes a forward seismic modelling package 
based on Simulated Prestack Local Imaging.16 This method is 
especially well suited for fast updating of seismic images, as 
with time-lapse seismic, and future studies will include 
updating with respect to other kind of seismic data, such as 
pre- or post-stack data. 

Following Tarantola2 the general solution of this combined 
state and parameter estimation problem is given by the 
posterior probability distributions for u and α given the data, 
g(un:0,α|dn:1), where the notation un:0 denotes the sequence, 
un,un-1, …, u0, etc. This notation will be used throughout the 
paper. 

Let ψ denote the combination of the state vector and the 
parameters, i.e.,  

T
nnn uuu ),,,,( 010: αψ …−= . ........................................... (2) 

The posterior probability density of a variableψ =ψ (x,t) given 
a set of data, d, is proportional to the product of the likelihood 
function g(d|ψ) and the prior probability density function g(ψ). 
That is, 

)()|()|( ψψψ gdgdg ∝ . ............................................... (3) 

Assume now that we want to estimate ψ at a discrete set of 
times, t0, t1, …, tn, given data at the same times (except at t0) 
d1, d2, …, dn. The general solution (smoother solution) for ψ is 
then given by 

)()|()|( 0:0:1:1:0: nnnnn gdgdg ψψψ ∝ . ............................. (4) 

Here the prior probability density may be expressed by 

)()|()( 0:10:10: −−= nnnn ggg ψψψψ . ................................. (5) 

Assuming that the measurement at one time is independent of 
the data at other times, and that the model prediction at a given 
time is independent on the predictions at future times, the 
likelihood function may be expressed similarly as 

)|()|()|( 0:11:10:0:1: −−∝ nnnnnn dgdgdg ψψψ . ................. (6) 

By inserting Eqs. (5) and (6) into Eq. (4), we obtain 
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Normally, the forward model is a first order Markov process. 
That is, the solution at a given time step depends only on the 
solution at the previous time step. Similarly, the simulated data 

at time tn, in most cases only depend on the model solution at 
that time. Eq. (7) then simplifies to 

)|()|()|()|( 1:10:111:0: −−−∝ nnnnnnnn dggdgdg ψψψψψ . …(8) 

Eqs (7) and (8) are both recursive formulas, and thus the 
solution may be calculated sequentially and forward in time. 
The middle factor corresponds to the forward integration of 
the solution from tn-1 to tn. The product of the last two terms 
gives the prior distribution at time tn, which is updated with 
the data to obtain the posterior distribution at time tn. 

With the smoother solution, Eq. (7), the solution is 
recalculated at each update at all time steps. Often, one is not 
interested in the solution backwards in time, but only at the 
current forward times (predictions). This filter solution may be 
obtained by integrating Eqs. (7) or (8) over the solutions up to 
tn-1. That is, for Eq. (8):  
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      …….(9)  
Again, we see that the solution can be evaluated sequentially, 
by integrating the previous solution forward in time and 
update with the latest measurements. Eq. (9) represents a 
sequential Bayesian estimation, with the forecast distribution 
as the prior as can be seen by evaluating the integral in the last 
expression of Eq. (9):  
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I.e.,  

)|()|()|( 1:11: −= nnnnnn dgdgdg ψψψ . ........................ (11) 

With 4D seismic, the difference data are sometimes more 
reliable than the data at a given time. Assume that we want to 
update the solution at time tn with the difference in seismic 
data between time tk < tn and time tn. The simulated data at 
time tn is then not only dependent on the solution at time tn, but 
also at the solution at time tk. If we still assume a Markov 
process, the solution may be found using a very similar 
procedure, but now the solution at time k has to be updated for 
every time step between k and n, i.e., we have to use the 
smoother solution for ψk. The updating step, Eq. (11), then 
becomes  

)|,(),|()|,( 1:11: −= nknknnnkn dgdgdg ψψψψψψ . ..... (12) 
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Ensemble Kalman filter 
The ensemble Kalman filter is a Monte Carlo method where 
an ensemble of state variables are advanced forward in time 
and continuously updated when new measurements become 
available. Consider the filter equations, Eq. (9-11), and assume 
that we have a sample of N realizations from the posterior 
probability distribution for ψ, g(ψn-1|dn-1:1), at time  tn-1. We 
now want to generate a sample from the posterior probability 
density at time tn. The sampling from the forecast density is 
done by advancing the simulator and adding a Gaussian model 
error. The EnKF sampling from the posterior distribution may 
then be viewed as a conditional simulation with kriging (see 
e.g., Cressie,17 Sect. 3.6.2). This conditional simulation 
requires that the relation between ψ and the measured data is 
linear, and this is obtained by also including the data 
components in ψ, i.e.,  

T
nnnn duuu ),,,,,( 010: αψ …−= . ................................... (13) 

If dn ∈ RNd, the dimension of ψn is then Nq = Nu + Nα + Nd. 
The ensemble representation of this sample is a

nΨ . Each of 
the ensemble members is then updated using the standard 
kriging formula: 
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where ψn
f,j is the forecast (prior), and ψn

a,j is the analysis 
(posterior) for ensemble member j at time n. εn is measurement 
error drawn from the proper distribution and added to the 
data.† Note that no assumptions about linearity in the forward 
model, nor Gaussian distributions are made. However, it is 
assumed that the probability distributions are characterized by 
the mean and covariance only, and for strongly non-linear 
models and/or distributions which are far from Gaussian, such 
measures may not be very useful.  

The forecast estimate of the ensemble covariance matrix 
needed in the update, Eq.(14), is computed from 
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where the brackets denote ensemble mean. 
The kriging formula, Eq. (14), implies that the analysis is 
made with respect to the standard quadratic loss functional, 

)()( nn
f

nnn
T

nn
f

nn dHCdH εψεψ ε +−+− . .................. (16) 

For difference data, the procedure is exactly the same, except 
that we also need to update the smoother solution at the time 
of the previous survey according to Eq. (12). Eq. (14) may still 
be used, but with ψ replaced by the combination of ψn and ψk. 
Thus, the analysis equation becomes,  

                                                           
 
† We have used Gaussian model for data errors, but that is not 
strictly required. 
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where [ ]Tknn ψψψ ,~ = , and nH~  picks data from both ψn and 
ψk. That is, if the measurements to be assimilated (and 
contained in dn) at time tn are a combination of well data at 
time tn, and the change in some seismic property from time tk 
to tn, nH~ will be of the form 

⎟
⎟
⎠

⎞
⎜
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⎝

⎛

−
= seis

k
seis
n

prod
n

n HH
HH 0~ , ............................................. (18) 

where Hprod picks the simulated well data, and Hseis picks the 
simulated seismic data. 
 
Updating with a large amount of data 
When the EnKF method is used to update reservoir simulation 
models, ψn typically includes pressures, saturations, porosities 
and permeabilities in all grid cells in addition to the 
measurements at time, tn. The dimension of ψn and the 
corresponding covariance matrix are thus very large. On the 
other hand, the rank of the covariance matrix defined by Eq. 
(15) is maximum equal to N-1, which in practical applications 
is typically of the order 100. To ensure an appropriate 
representation of the uncertainty in ψ, it is thus critical that the 
rank of the covariance matrix is retained during the time 
integration. Using a full rank representation of the error 
covariance matrix Cε avoid loss of rank in the updated 
ensemble perturbations, and preserve a correct statistics. 

For large amount of data a theoretical study has shown that 
the analysis can be computed very efficiently using a low rank 
representation of the error covariance matrix. Keepert18 
showed that the rank of the ensemble may be reduced if the 
number of measurements at a given time exceeds the size of 
the ensemble. However, this problem may be avoided if the 
measurement perturbations, used to represent the low-rank 
measurement error covariance matrix, are sampled under 
specific constraints.14 A brief presentation is given in 
Appendix A, where we have used a slightly modified version 
of the algorithm presented by Evensen.14 For more details see 
Refs. 14. and 18. 
 
Summary of updating procedure 
Assume we have N samples from the posterior distribution at 
time step k. At this time, there are also survey data. Assume 
that the next survey data are gathered at time step n, and that 
we want to update the solution at time tn, based on the 
difference in seismic between time tk and tn (in addition to 
production data measured at every time step). The EnKF 
sampling strategy for a case with difference data is then as 
follows: 

 
For i = k+1, k+2, … , n, 
1.  Sample from the forecast density )~|~( 1−iig ψψ :  



4                                                        J.-A. Skjervheim, G.Evensen, S.I. Aanonsen, B.O.Ruud, T.A. Johansen  SPE 95789 

 

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

−
=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
= −

0)1(
)(~ ,

1,
jm

i
j

k

j
ii

j
k

j
ijf

i i
f ε

ψ
ψ

ψ
ψψ , ........................... (19) 

where fi corresponds to advancing the simulator from time 
step i-1 to i, and εi

m,j is a model error. ψk
j(i-1) is the 

smoother update of ψk
j at the previous time step. ψk

j is only 
updated during the analysis step. The ensemble 
representation for f

iψ~  is denoted f
iΨ~ . 

2.  Approximate the prior moments by the ensemble mean and 
covariance (Eq. (15)). 

3.  Sample from the likelihood distribution )~|( iidg ψ :  

j
i

jf
ii

j
i Hd εψ += ,~~ . ....................................................... (20)  

4. Generate samples from the posterior distribution )|~( ii dg ψ  
using Eq. (17). 

Thus with difference data, the solution for the first time step of 
the difference has to be continuously updated in parallel with 
the current solution until the time of the second survey. If 
there are more difference data to be assimilated at a later time, 
this procedure is repeated. Without difference data, the 
updating procedure is the same, but now only the current 
solution is updated according to Eq. (14). 
 
Synthetic test case 
Initial tests of the methodology have been performed on 
several 2D and 3D synthetic models. Here we present an 
example using a 2D, horizontal model with 15x15 grid cells. 
The reference (“true”) permeability field was generated using 
a commercial reservoir modelling package to simulate a 
Gaussian field with a trend perpendicular to the flow direction, 
Fig. 1. The model has one water injector in the upper right 
corner, and one producer in the lower left corner. Water 
injection starts after one year, allowing for production below 
bubble-point, and free gas to evolve around the producer 
before a higher reservoir pressure is re-established. Production 
data are measurements of flowing bottomhole pressure, water 
cut and GOR in the producer, given every 3 months. Total 
simulation time is 10 years, where 7 years are history and 3 
years prediction.  

The initial ensemble consists of 100 realizations of a 
Gaussian random field with a constant mean permeability and 
a spherical variogram. Model data are listed in Table 1. One 
realization from the initial ensemble is plotted in Fig. 2. The 
software used to generate the initial ensemble is an integrated 
part of the EnKF code, which is available from the EnKF 
home page.19 Note that the initial realizations are smoother 
than the true field despite the similar variogram range. This is 
partly due to the smaller variance, and partly the short 
variogram range perpendicular to the flow direction for the 
true model. Because of this the estimated permeability fields 
will always be smoother than the true field. 

The different types of “seismic” data used in this synthetic 
model were cell pressures, cell water saturations, and acoustic 
impedance calculated from grid cell properties (porosity, 
pressure and saturations). The petroelastic model used to 
calculate elastic properties was the same as for the North Sea 

field case.20 Seven cases of model updating with the EnKF 
were run: One case with production data only, and 6 cases 
with different combinations of production data and seismic 
data. Measurement errors for well data are listed in Table 2, 
and the cases are described in Table 3. In case 2, 3, and 4 
seismic data are assimilated once a year, the first after one 
year. In case 5, 6, and 7, there are two seismic surveys, after 5 
and 7 years. In case 5, the acoustic impedance from both 
surveys is assimilated individually, while in case 6 and 7 only 
the difference is assimilated (after 7 years). In the latter two, 
the combination of filtering and smoothing according to Eqs. 
(17) and (18), is applied.  

The final mean ensemble permeability for case 1 with only 
production data assimilated every 3 months is plotted in Fig. 3. 
With the chosen well locations, there are no information about 
the permeability trend in the production data, and as expected, 
the trend is not recovered, although a good match to the data is 
obtained, as seen in Fig. 15, where the ensemble predictions 
are compared with the true history and a simulation run where 
the final mean permeability is used to simulate both the history 
and prediction period. Note that except for a couple of 
ensemble members, all the predictions match the final 
measurement at the start of the predictions. The uncertainty 
increases with time, but is much lower than for the predictions 
based on the initial ensemble, which are plotted in Fig. 14. 

Fig. 4 shows the final mean ensemble permeability for case 
4, with seismic impedance assimilated once a year in addition 
to the production data and we observe that the trend is now 
recovered, although the field is much smoother. Similar 
solutions were obtained also in case 2, 3, and 5. Cross plots 
between the estimated mean ensemble permeability and the 
true permeability are plotted for all the cases in Figs. 5–11. 
The correlation between estimated and true permeability is 
also shown on the plots. The correlation is similar for cases 2–
5, and best for case 4, where acoustic impedance is assimilated 
every year. Reducing the number of seismic surveys to two, 
does not seem to have a large impact on the estimated 
permeability. However, using only the difference 
measurement reduces the quality significantly (Figs. 10 and 
11).  

In Figs. 12 and 13, the cross plots between the ensemble 
mean impedance and the true impedance are plotted for case 1 
and 4. Both cases have high correlations, where case 4 shows a 
stronger correlation than case 1. A sample of the predictions 
for the cases with seismic is shown in Figs. 16–19. To some 
extent, the quality of the permeability estimate is reflected in 
the production data, for instance the simulation with mean 
permeability for case 3 is quite bad with respect to bottomhole 
pressure. Case 3 is the best with respect to both the simulation 
using the mean permeability and has a low uncertainty. On the 
other hand, the simulations with the final mean permeability 
fields from case 6 and 7, match true production data quite 
well. The reason for this is that the reduced amount of seismic 
data gives a higher weight to the production data during the 
assimilation, and thus a better match. The uncertainties in the 
predictions, especially for bottomhole pressure are, however, 
higher for these cases. Note also that the mean permeability 
estimate is better for the case with a larger measurement 
uncertainty (case 7 vs. case 6). This is probably a coincidence. 
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The measurement errors affect the mean estimate through the 
covariance matrix, Cεn, in Eq. (17), and if the seismic part of 
this is lower than the other terms in the parenthesis, changing 
the seismic measurement error will not affect the estimate of 
the mean. However, the uncertainty in the predictions, which 
is more dependent on the last term, εn

j, in the equation is much 
larger when the measurement uncertainty is high (Fig. 19 vs. 
Fig. 18).  
 
Field case 
History matching with respect to seismic data for the field case 
used in this paper has previously been reported using a more 
traditional methodology.20 In this paper we use the same base 
case model and seismic data as in Ref. 20, but the model 
updating is based on the EnKF method. That is, the initial 
ensemble is generated using the layer porosity and 
permeability averages and the variogram ranges from the 
geomodel, but the model updating is purely based on 
production data and the difference in Poisson’s ratio between 
two surveys. The base line survey, from which the inverted 
acoustic impedance was used to condition the porosity field in 
Ref. 20, is not used here. Conditioning only to production data 
and seismic difference data is an obvious weakness of the 
procedure used here, as was also seen in the synthetic example 
presented above; and in future studies, the base line seismic 
survey should be included in the EnKF updating. 

Haverl et al20 used a transformation of the difference in the 
Poisson’s ratio to increase the emphasis on large positive and 
negative values (cf. Fig. 2 in Ref. 20). This transformation has 
not been used in our runs. However, we have used the same 
region of interest, i.e., neglecting data outside the initial water-
oil and gas-oil contacts (cf. Fig. 18 in Ref. 20).  

Measured Poisson’s ratio difference in one of the model 
layers is plotted in Fig. 20. The model consists of 4 partly 
communicating fault blocks. The upper right is a part of the 
neighbouring structure and only contains some dummy wells 
to get correct initial pressures. This part communicates with 
the main reservoir only through the aquifer. The next block 
contains a water injector (WINJ1) and a producer (WELL3). 
The last two are only separated by a small fault and contain 
one water injector (WINJ2), a gas injector (GINJ), a vertical 
well (WELL3) and a horizontal producer (WELL2). Note that 
the seismic data clearly indicate the water flooded (increased 
Poisson’s ratio) and gas flooded (decreased Poisson’s ratio) 
areas. Also note that these data are the result of a considerable 
effort in data preparation,20 including a window averaging as 
proposed by Aanonsen et al.21 The corresponding result from a 
base case simulation is shown in Fig. 21, and as can be seen, 
the main difference, in addition to vertical effects, is a 
different flow pattern around Well 2. 

Two cases of EnKF updating were run: i) With production 
data only, i.e., GOR and water cut for 3 wells over a 12 year 
period with measurements approximately every month; and ii) 
Poisson’s ratio difference between the base line and monitor 
surveys in addition to the production data. The base line 
survey is acquired a few months after production start up, and 
the monitor survey after seven years of production. 
Measurement errors are listed in Table 4. 

In several previous studies using 4D data in history 
matching, difficulties in obtaining a significant reduction in 
seismic mismatch have been reported,13,21 and also in Ref. 20 
relatively small reductions in the RMS mismatch were 
obtained. RMS deviation and correlation between simulated 
and measured Poisson’s ratio for the base case and the two 
EnKF runs are listed in Table 5. The results denoted 
“ensemble mean” are based on the mean of the simulated 
ensemble predictions, one time step after assimilating the 
seismic data. The other results are based on one simulation of 
the entire history using the estimated mean porosities and 
permeabilities. Notice that all the RMS values are quite low. 
This is caused by the relatively large measurement error used 
for the seismic data. This large value is set based on previous 
experience with the same seismic surveys in a different area of 
the field,21 and not calculated specifically for this example. 
The current version of the code does not allow for a non-
diagonal covariance matrix, hence no areal/lateral correlations 
in the seismic data are included. For the EnKF runs, the RMS 
was reduced by 25% and 14% for the run with and without 
seismic data, respectively. This is comparable to the number 
reported in Ref. 20. Also the final value for the run with 
seismic is not too far from one, which is the lowest value that 
should be expected. Note that for the simulations based on 
mean estimated permeability, the match for the run with 
seismic is still quite good, while for the run with production 
data only, the quality of the match is almost the same as for 
the base case. The corresponding cross plots are shown in Fig. 
23. Although the correlations are not very high, a clear 
improvement is seen after the assimilation, especially in the 
gas flooded area (negative values). In Ref. 20, the decrease in 
total RMS varied from 2% to 38% depending on the 
measurement error applied for the seismic data. The seismic 
RMS values were not reported. Simulated Poisson’s ratio 
difference based on estimated mean ensemble properties from 
the EnKF run with seismic is plotted in Fig. 22. As can be 
seen, comparing Figs. 20-22, the assimilation slightly reduces 
the seismic mismatch. 

Production data for the two EnKF runs are compared with 
the base case in Figs. 24–26, and as shown the two EnKF runs 
match the history better than the base case, but the differences 
are not very large. Note that the match for both, production 
data and seismic data is slightly better than by using 
production data only.  

Figs. 27 and 28 show the difference between final mean 
ensemble permeability and base case permeability in one layer 
for the two EnKF runs. The results show that the modifications 
are relatively large. This especially reflects the fact that it is 
difficult to obtain a good match of production data. The 
sensitivity to the input parameters is relatively low, and 
additional modifications in the same direction tend to be 
imposed at each assimilation step. However, it is interesting to 
note that the permeability modifications are locally very 
different for the two cases. The difference in seismic match for 
runs based on estimated properties for the two cases, should 
indicate that the local variations are more correct for the case 
with seismic data. 
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Conclusions 
A method based on the ensemble Kalman filter (EnKF) for 
continuous model updating with respect to the combination of 
production data and 4D seismic data, including the case when 
seismic data are given as a difference between two surveys, is 
presented. Special care is taken to handle the large amount of 
data resulting from 4D seismic. Still, the method is completely 
recursive, with little additional cost compared to the traditional 
EnKF method. 

The method is tested on a synthetic case and a real North 
Sea field case. For the synthetic case, the method gives good 
results, and it is demonstrated that a much better permeability 
estimate is obtained by adding the seismic data to the 
production data measurements. For the field case, the EnKF 
run with both production and seismic data gave a significantly 
better match both to production data and seismic data than the 
base case, and the run with only production data. The seismic 
data RMS mismatch was reduced by 25% to a value of 1.12 
compared to the base case. Adding seismic data resulted in a 
slight reduction in production mismatch and in considerable 
different porosity and permeability estimates. 
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Appendix A 
The proposed algorithm is constructed directly from a 
Bayesian framework and is based on a principal component 
rotation of the measurements d, where the rotation matrix Up 
∈ RNd xNp is composed of p orthonormal vectors. These vectors 
are found from a singular value decomposition (SVD) of the 
ensemble measurement perturbations S=H(Ψ - <Ψ>) ∈ RNd xN, 
where the columns of S span a subspace LS of dimension N-1 
and N is the number of members in the ensemble. 

Define the rotated measurements as d+= Up
Td ∈ RNp, the 

rotated measurement operator as H+=Up
TH ∈ RNpxNq, and the 

rotated ensemble measurement perturbations as S+=Up
TS 

∈ RNpxN. The observation equation will then take the form 
+++ += εψHd . ........................................................ (A-1)  

http://www.nersc.no/~geir/EnKF
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Here the rotated measurement errors are defined by ε+=Up

Tε 
∈ RNp and the ensemble representation of the error covariance 
matrix is given by (N-1)Cε+ =Up

TEETUp ∈ RNpxNp, where the 
ensemble of perturbations are stored in E ∈ RNdxN. The 
analysis of the ensemble can then be computed from 

( ) )()1(
1

Ψ−−++Ψ=Ψ ++−+++
+ HDCNSSHC TTffa

εψ , ....(A-2)  

where D+=Up
TD and D store the perturbed measurements of 

the ensemble. 
Let CS = SST ∈ RNd xNd be the covariance matrix associated 

with the ensemble measurement perturbations, where the 
spectral decomposition of CS can be written as 

T
N

i

T
iii

Nd

i

T
iiiS UUuuuuC Λ=== ∑∑

−

==

1

11

 λλ . ...............................(A-3)  

The eigenvector and eigenvalue matrices of CS, represented by 
U ∈ RNd xN-1 and Λ ∈ RN-1 xN-1, can be found from a SVD of S 
and the subspace LS is defined by the matrix U which include 
the first N-1 singular vectors of S. Evensen14 has shown that 
the measurement error perturbations need to be contained in LS 
to avoid the loss of rank in the analyzed ensemble. Define the 
matrix C+ ∈ RNpxNp as 

+−+= +++
εCNSSC T )1( , ...............................................(A-4)  

and choose the rotation matrix to be Up=U. The matrix C+ can 
then be written as  

TEEC +++ +Λ= , ..........................................................(A-5) 

where the dimension of the matrix is given by C+ ∈ RN-1xN-1.  
The projection of E onto LS, E+=UTE, rejects all possible 

contributions in LS
┴. This ensures that the measurement 

perturbations explain the variance within the ensemble space 
LS. 

 
 

 True Initial 
Mean permeability (mD) 575 665 
Standard deviation of permability (mD) 300 150 
Variogram range along flow dir (m) 1000 700 
Variogram range perpendicular to flow dir. (m) 100 700 
Trend linear None 
Constant porosity 0.22 0.22 
Reservoir dimensions (m) 1800x1800x100 

Table 1.  Input data to synthetic model. 
 
 
Bottom-hole pressure 

(bar) 
Water cut 
(fraction) 

Gas-oil ratio 
(Sm3/Sm3) 

2.0 0.05 10 

Table 2.  Measurement errors for well data synthetic model. 
 
 
 
 
 
 
 

Run 
no. 

Seismic data No. of 
“seismic” 
surveys 

No. of 
assimilation 
dates 

Measurement 
error seismic 
data 

1 - - - - 
2 Pressures 7 7 2 bar 
3 Saturations 7 7 0.025 
4 Acoustic imp. 7 7 1.5⋅105 kg/m2-s 
5 Acoustic imp. 2 2 1.5⋅105 kg/m2-s 
6 Acoustic imp. 

difference 
2 1 2.0·103 kg/m2-s 

7 Acoustic imp. 
difference 

2 1 1.0·104 kg/m2-s 

Table 3.  Sensitivity runs synthetic model. 
 
 
WCT GOR Poisson’s ratio difference 
0.05 10% 0.015 

Table 4.  Measurement errors, standard deviations, field case 
 
 
 Base 

case 
Ensemble mean Simulation based on 

mean properties 
  Prod 4D Prod 4D 
Seismic 
RMS 

1.50 1.29 1.12 1.49 1.16 

Correlations 0.56 0.61 0.57 0.58 0.63 
Table 5.  RMS deviation and correlation between simulated and 
measured Poisson’s ratio difference. RMS is weighted by the 
measurement errors. 
 
 

          
Fig. 1.  True permeability field. 
 

          
Fig. 2.  Realization from initial ensemble. 
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Fig. 3.  Final mean ensemble permeability case 1 (well data only). 

 

         
Fig. 4.  Final mean ensemble permeability case 4 (well data + 
acoustic impedance once a year). 
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Fig. 5. Correlation between the 
ensemble mean permeability at 
the final step of Run 1 and the 
true permeability. 

Fig. 6. Correlation between the 
ensemble mean permeability at 
the final step of Run 2 and the 
true permeability. 
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Fig. 7. Correlation between the 
ensemble mean permeability at 
the final step of Run 3 and the 
true permeability. 

Fig. 8. Correlation between the 
ensemble mean permeability at 
the final step of Run 4 and the 
true permeability. 

 

CORRELATION: 0.62CORRELATION: 0.62

TRUE PERMEABILITY
0 900 1800

EN
SE

M
BL

E 
M

E
AN

 P
ER

M
EA

BI
LI

TY

0

900

1800

 

CORRELATION: 0.37CORRELATION: 0.37

TRUE PERMEABILITY
0 900 1800

E
N

SE
M

BL
E 

M
EA

N
 P

ER
M

E
AB

IL
IT

Y

0

900

1800

 
Fig. 9. Correlation between the 
ensemble mean permeability at 
the final step of Run 5 and the 
true permeability. 

Fig. 10. Correlation between the 
ensemble mean permeability at 
the final step of Run 6 and the 
true permeability. 
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Fig. 11. Correlation between the 
ensemble mean permeability at 
the final step of Run 7 and the 
true permeability. 
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Fig. 12. Acoustic impedance after 
10 years from final mean 
permeability estimate Run 1. 

Fig. 13. Acoustic impedance after 
10 years from final mean 
permeability estimate Run 4. 
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Fig. 14. Predictions of BHP, GOR, OPR and WCT, based on initial 
ensemble. Red dots: True. 
 
 

  

  
Fig. 15. Predictions of BHP, GOR, OPR and WCT for Run 1, with 
production data only. Red dots: True. Green line: Simulation based on 
final ensemble mean permeability. 
 

  

  
Fig. 16. Predictions of BHP, GOR, OPR and WCT for Run 3, with 
production data and cell saturations. Red dots: True. Green line: 
Simulation based on final ensemble mean permeability.  
 

  

  
Fig. 17. Predictions of BHP, GOR, OPR and WCT for Run 4, with 
production data and acoustic impedance data. Red dots: True. Green 
line: Simulation based on final ensemble mean permeability.  
 

  

  
Fig. 18. Predictions of BHP, GOR, OPR and WCT for Run 6, with 
production data and acoustic impedance difference data. Red dots: 
True. Green line: Simulation based on final ensemble mean 
permeability.  
 

  

  
Fig. 19. Predictions of BHP, GOR, OPR and WCT for Run 7,  
difference data with large measurement error. Red dots: True. Green 
line: Simulation based on final ensemble mean permeability.  
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Fig. 20.  Measured Poisson’s ratio difference in the region of interest 
of layer 11. 
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Fig. 21.  Simulated (Base Case) Poisson’s ratio difference in the 
region of interest of layer 11. 
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Fig. 22.  Simulated Poisson’s ratio difference in the region of interest 
of layer 11 based on estimated mean ensemble properties. 
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Fig. 23. Cross plots between simulated and observed Poisson’s ratio 
difference. For base case, EnKF with production data, and EnKF with 
production and 4D data. Top plot: Mean of the ensemble.  Bottom plot: 
Simulation based on estimated mean properties. 
 
 

 

 
Fig. 24.  Production profiles for Well 1. For base case, EnKF with 
production data, and EnKF with production and 4D data. Top plot: 
GOR. Bottom plot: WCT. 
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Fig. 25.  Production profiles for Well 2. For base case, EnKF with 
production data, and EnKF with production and 4D data. Top plot: 
GOR. Bottom plot: WCT. 
 
 

 

 
Fig. 26.  Production profiles for Well 3. For base case, EnKF with 
production data, and EnKF with production and 4D data. Top plot: 
GOR. Bottom plot: WCT. 
 

        

WELL 1

WELL 3

WELL 2

WINJ 1

GINJ

WINJ 2

 
Fig. 27.  Difference between final mean ensemble permeability and 
base case permeability layer 11.  EnKF run with production data 
only 
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Fig. 28.  Difference between final mean ensemble permeability and 
base case permeability layer 11.  EnKF run with both production 
data and seismic data. 
 


