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Summary
The dynamical equations for multiphase flow in porous media are

highly non-linear and the number of variables required to charac-

terize the medium is usually large, often two or more variables per

simulator gridblock. Neither the extended Kalman filter nor the en-

semble Kalman filter is suitable for assimilating data or for charac-

terizing uncertainty for this type of problem. Although the ensem-

ble Kalman filter handles the nonlinear dynamics correctly during

the forecast step, it sometimes fails badly in the analysis (or updat-

ing) of saturations.

This paper focuses on the use of an iterative ensemble Kalman

filter for data assimilation in nonlinear problems, especially of the

type related to multiphase flow in porous media. Two issues are key:

(1) iteration to enforce constraints and (2) ensuring that the resulting

ensemble is representative of the conditional pdf (i.e. that the un-

certainty quantification is correct). The new algorithm is compared

to the ensemble Kalman filter on several highly nonlinear example

problems, and shown to be superior in the prediction of uncertainty.

Introduction
For linear problems, the Kalman filter is optimal for assimilating

measurements to continuously update the estimate of state vari-

ables. Kalman filters have occasionally been applied to the problem

of estimating values of petroleum reservoir variables (Eisenmann

et al. 1994; Corser et al. 2000), but they are most appropriate

when the problems are characterized by a small number of variables

and when the variables to be estimated are linearly related to the

observations. Most data assimilation problems in petroleum reser-

voir engineering are highly nonlinear and are characterized by many

variables, often two or more variables per simulator gridblock.

The problem of weather forecasting is in many respects simi-

lar to the problem of predicting future petroleum reservoir perfor-

mance. The economic impact of inaccurate predictions is substan-

tial in both cases, as is the difficulty of assimilating very large data

sets and updating very large numerical models. One method that

has been recently developed for assimilating data in weather fore-

casting is ensemble Kalman filtering (Evensen 1994; Houtekamer

and Mitchell 1998; Anderson and Anderson 1999; Hamill et al.

2000; Houtekamer and Mitchell 2001; Evensen 2003). It has been

demonstrated to be useful for weather prediction over the North At-

lantic. The method is now beginning to be applied for data assim-

ilation in groundwater hydrology (Reichle et al. 2002; Chen and

Zhang 2006) and in petroleum engineering (Nævdal et al. 2002,

2005; Gu and Oliver 2005; Liu and Oliver 2005a; Wen and Chen

2006, 2007; Zafari and Reynolds 2007; Gao et al. 2006; Lorentzen

et al. 2005; Skjervheim et al. 2007; Dong et al. 2006), but the

applications to state variables whose density functions are bimodal

has proved problematic (Gu and Oliver 2006).

For applications to nonlinear assimilation problems, it is useful

to think of the ensemble Kalman filter as a least squares method

that obtains an averaged gradient for minimization not from a vari-

ational approach but from an empirical correlation between model

variables (Anderson 2003; Zafari et al. 2006). In addition to pro-

viding a mean estimate of the variables, a Monte Carlo estimate

of uncertainty can be obtained directly from the variability in the

ensemble.

Assume that at time tk, we have an ensemble of samples of state

and model vectors from the posterior p( fk,mk|Dobs,k) where Dobs,k =
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{Dobs,k−1,dobs,k} is the collection of all data through time tk. Bayes

theorem relates the probability density for the state variables, fk,

and model variables, mk, after assimilation of data dobs,k at time tk
to the prior probability density at tk as follows:

p( fk,mk|Dobs,k) ∝ p(dobs,k| fk,mk)p( fk,mk|Dobs,k−1)
∝ p(dobs,k| fk,mk)p( fk|mk,Dobs,k−1)

×p(mk|Dobs,k−1)
∝ p(dobs,k|mk)p(mk|Dobs,k−1) . . . . (1)

The equivalence is a result of the fact that the state variables fk can

be computed from the model variables mk. Although the first line

of Eq. 1 is fundamental for the traditional Kalman filter because it

explains how to update the model and state variables directly, the

third line simply points out the possibility of using the Kalman fil-

ter to update only the model variables (and initial conditions), then

computing the state from the model variables. It seems that the un-

certainty in initial conditions is relatively small in most petroleum

reservoir engineering applications because the reservoir is typically

in a state of static equilibrium at the time of first production. Ex-

ceptions include uncertainty in the initial fluid contacts, uncertainty

in irreducible water saturation (Tjølsen et al. 1994), and the pos-

sibility of tilted initial fluid contacts. If important, these types of

uncertainty can be treated by including additional variables in the

state vector (Evensen et al. 2007; Thulin et al. 2007).

The posterior pdf from which samples should be drawn (Eq. 1)

is the product of two terms. The prior is represented by the en-

semble of model and state vectors. As in the traditional EnKF,

for purposes of updating the variables, we approximate the prior

by a Gaussian whose mean and covariance are estimated from the

ensemble. The other term is the likelihood; when both terms are

Gaussian, the product is Gaussian and the Kalman filter can be used

to compute the updated model and state variables. When the like-

lihood is not Gaussian (e.g. when the relationship between model

variables and observation variables is nonlinear), the product is not

a Gaussian, but sampling from an approximation to the posterior

can still be accomplished fairly efficiently.

For a problem in which the relationship between the state vari-

ables, the model parameters, and the data is linear, both the model

parameters and the state variables can be updated simultaneously

using the Kalman filter. The result is an improved estimate of the

(non-varying) model parameters and also an improved estimate of

the current value of the state variables.

For a nonlinear problem, it may be impossible to update the state

variables to be consistent with the updated model parameters with-

out re-solving the nonlinear forward problem to obtain state vari-

ables. In many applications of the ensemble Kalman filter, the ob-

jective is primarily to estimate the current state of the system. For

petroleum reservoir applications, however, it is generally important

to estimate not only the current state of the system (the pressures

and saturations), but also the values of permeability, porosity, and

fault transmissibility.

Model variables, m, are variables that are uncertain but are not

time varying. These include rock properties such as absolute per-

meability and porosity. The estimates of these properties change

as data are assimilated, but the parameter itself should not be inter-

preted to be changing with time. If initial conditions and bound-

ary conditions are uncertain, they can be included in the list of

model variables. State variables, f , are uncertain, time-dependent

variables that define the state of the system. For petroleum reser-

voirs, these could include pressure in each fluid phase, saturations
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of phases, or mass fraction. The state variables are frequently so-

lutions of systems of differential (or difference) equations. If the

model is valid, and the initial conditions and model variables are

known, then it is possible to compute the state variables for any

time. Data, d, are observable quantities related to the state of the

model and indirectly to the model parameters. For petroleum reser-

voirs, data might include bottomhole pressure (possibly at several

locations in the well-bore), surface flow rates, and amplitude of seis-

mic reflection. Theoretical data can be computed from the state and

model variables. Observations always have some level of measure-

ment error or noise associated with them.

Application of the ensemble Kalman filter to petroleum reser-

voir flow problems is much simplified by the introduction of a joint

model-state-observation vector consisting of model variables, state

variables, and theoretical data (Tarantola 1987; Anderson 2001).

In a typical application of the ensemble Kalman filter to a two-phase

petroleum reservoir flow and transport problem, we might define an

augmented state vector, Y , of the form,

Y =
[
φT, lnkT,PT,ST

w,WORT
]T

, . . . . . . . . . . . . . . . . . . . (2)

which has been partitioned into model variables that do not change

with time (porosity, φ, and log-permeability, lnk), state variables

that change substantially (pressure, P, and water saturation, Sw),

and predictions of observations or theoretical data (producing water-

oil ratio, WOR). In our history matching (and some geophysical in-

verse theory) terminology, we denote the static model variables by

the symbol m, the dynamic state variables at time tk by fk(m), and

the predictions of observations at time tk by gk(m). In this nomen-

clature, the augmented state vector at time tk is

Yk =

[
m

fk(m)
gk(m)

]
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3)

Because the primary focus of this paper is on the assimilation step,

we will omit the time subscript, understanding that the functions

f (·) and g(·) are generally functions of time. The relationship be-

tween the observations and the true static model variables is

dobs = g(mtrue)+ ε . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4)

where ε is the measurement error is assumed to be Gaussian and

E[εεT] = CD. The relationship between the observations and the

true augmented state vector can also be written as

dobs = HYtrue + ε, . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5)

where H can be represented as a matrix whose elements are all ones

or zeroes.

Linear Dynamic System. If the relationships between the model

variables, the state variables, and the theoretical data are linear, then

the augmented state vector can be written as

Y =

[
m

Fm
Gm

]
=

[
I
F
G

]
m . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6)

where F and G are linear operators. If the model variables m are

multivariate Gaussian with auto-covariance CM , then the auto-co-

variance of the augmented state vector is

CY =

[
I
F
G

]
CM

[
IT FT GT

]

=

⎡
⎣ CM CMFT CMGT

FCM FCMFT FCMGT

GCM GCMFT GCMGT

⎤
⎦ . . . . . . . . . . . . . . (7)

After acquisition of new data dobs, the estimate of the model vari-

ables with minimum variance is

〈m〉 = mpr +CMGT(GCMGT +CD)−1(dobs −Gmpr). . . (8)

This solution can also be written in terms of the augmented state

vector

〈Y 〉 = Ypr +CY HT(HCY HT +CD)−1(dobs −HYpr) . . . . (9)

because HCY HT = GCMGT. Eq. 9 is the analysis or updating step

in the Kalman filter. It simultaneously updates the model variables,

the state variables, and the estimate of the data. Approximations to

the products HCY HT and CY HT can be efficiently computed from

the ensemble of state vectors (Evensen 2003).

Nonlinear Dynamic System. For nonlinear dynamic system, we

can consider a series of linear approximations to the nonlinear func-

tions, f (m) and g(m), by linearizing them at point m�. Suppose that

g(m) ≈ g(m�) + G�(m−m�) and f (m) ≈ f (m�) + F�(m−m�), so

the approximation to the covariance based on linearization at m� is

CY ≈
⎡
⎣ CM CMFT

� CMGT
�

F�CM F�CMFT
� F�CMGT

�
G�CM G�CMFT

� G�CMGT
�

⎤
⎦ . . . . . . . . . . . . (10)

The vector of model variables that maximizes the conditional

probability density also minimizes the following objective function.

S(m) =
1

2

(
g(m)−d

)T
C−1

D

(
g(m)−d

)
+

1

2

(
m−mpr

)T
C−1

M

(
m−mpr

)
. . . . . . (11)

In this notation, mpr denotes the estimate of m at the end of the

forecast step (before the assimilation or analysis step). When the

number of data is smaller than the number of model variables, the

most appropriate form of the Gauss-Newton method for finding the

�+ 1 iterative estimate of the model vector that minimizes the ob-

jective function in Eq. 11 is

m�+1 = mpr −CMGT
� (CD +G�CMGT

� )−1

×[
g(m�)−dobs −G�(m� −mpr)

]
. . . . (12)

When the number of data is larger than the number of model vari-

ables, the most appropriate form is

m�+1 = mpr − (GT
� C−1

D G� +C−1
M )−1GT

� C−1
D

×[
g(m�)−dobs −G�(m� −mpr)

]
. . . . (13)

On the other hand, if the problem is sufficiently nonlinear that

a reduced step length is required, the Gauss-Newton formula for

iteration is

m�+1 = β�mpr +(1−β�)m� −β�CMGT
� (CD +G�CMGT

� )−1

×[
g(m�)−dobs −G�(m� −mpr)

]
. . . . (14)

where β� is an adjustment to the step length whose optimal value

can be determined by standard methods (Dennis and Schnabel 1983).

These formulas have been the basis for most of the Gauss-Newton

or Levenberg-Marquardt approaches for automatic history matching

(Gavalas et al. 1976; Tan and Kalogerakis 1992; Li et al. 2003).

Note that CM in Eqs. 12 and 14 is the model covariance prior to

assimilation of the current data but after assimilation of all data be-

fore the current time. It does not change during the Gauss-Newton

iteration, although the linear approximation to the measurement op-

erator, G, may change with each iteration. As a result, the com-

putation of the product G�CMGT
� is not as straightforward as in

the EnKF where it is only necessary to compute (H∆Y )(H∆Y )T

(Evensen 2003).

Iterative forms of the Kalman filter are not entirely new. The

iterated Kalman filter (Jazwinski 1970) is in fact similar in char-

acter to what we proposed here, Ensemble Randomized Maximum

Likelihood Filter (EnRML), although without the ensemble. The

standard Kalman filter attempts to estimate the conditional mean,

but for highly nonlinear problems, the conditional mode is often a
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more appropriate measure of the central tendency. Bell and Cathey

(1993) discussed the equivalency of the iterated Kalman filter to the

Gauss-Newton method for approximating the maximum likelihood

estimate. Also, Zupanski (2005) discusses a maximum likelihood

ensemble filter (MLEF) that is viewed as a maximum likelihood

approach to the ensemble transform Kalman filter of Bishop et al.

(2001). In the MLEF method, the maximum likelihood model and

the Hessian are estimated.

Several ad hoc iterative applications of the ensemble Kalman fil-

ter have been proposed in the petroleum engineering literature. Gu

and Oliver (2006) used iteration to reduce the magnitude of the non-

linear effects on the saturation correction. Wen and Chen (2007)

proposed a conforming EnKF method in which the flow simulator

was rerun from a previous step to generate plausible saturation val-

ues. Liu and Oliver (2005b) iterated on the Kalman correction to

enforce nonlinear constraints for facies observations with a trun-

cated plurigaussian model. Recently, Zafari et al. (2006) review the

EnKF filter through the lens of optimization, to derive an iterative

EnKF procedure for nonlinear problems.

This paper includes five test problems designed to validate var-

ious aspects of the proposed iterative filter, including verification

that it gives correct results on linear problems.

Problem 1 verifies that the results with reduced and full step length

are identical to results from the analysis step of the EnKF for

a linear problem.

Problem 2 verifies that the estimates of the mean and the variance

from the new iterative analysis step are much better than the

results from the analysis step in EnKF for a nonlinear prob-

lem.

Problem 3 tests the impact of the ensemble size on the estimation

of the “sensitivity matrix” from the ensemble for a nonlin-

ear, 10-parameter problem. The ensemble is smaller than

the number of model variables in some cases so the estimate

of G is underdetermined, as it will be in most real cases.

Problem 4 is a linear dynamic problem in which a passive tracer

is injected and the time of breakthrough is measured. Both

the dynamics and the observation operator are linear so the

results can be compared with EnKF, which should be correct.

Problem 5 is a nonlinear dynamic problem on which the meth-

ods can be tested, but for which the correct results are not

known. We can, however, show that the state variables (satu-

ration) from the EnRML are physically plausible and match

the data.

Implementation of the EnRML. Let Mpr be the matrix whose

columns consist of the ensemble of model vectors after assimila-

tion of all previous data. There are Ne of these vectors, and hence

Ne columns of Mpr. Denote the vector of means of the prior vari-

ables by m̄pr and the matrix of deviations from the means by ∆Mpr.

The ensemble estimate of the prior model variable covariance (after

assimilation of all previous data) is CM = ∆Mpr∆MT
pr/(Ne−1). One

feature that makes the implementation of the traditional ensemble

Kalman filter so efficient is that it is never necessary to compute

CM, only the products HCYHT and CYHT. This computation is not

as straightforward in an iterative filter, because it is important to

maintain the distinction between the model covariance matrix esti-

mate, which should be based on the prior models, and the sensitivity

matrix, which should be based on the current values. At the �th it-

eration, let ∆D� represent the deviation of each vector of computed

data from the mean vector of computed data and let ∆M� represent

the deviation of each vector of model variables from the current

mean. The ensemble average sensitivity matrix G� is the coefficient

matrix relating the changes in model parameters to the changes in

computed data,

∆D� = G�∆M� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (15)

where ∆M� is NM ×Ne; ∆D� is ND ×Ne; G� is ND ×NM . NM is the

number of the model parameters and ND is the number of data. As

∆M� is not generally invertible (or even square), we use the singu-

lar value decomposition (SVD) to solve the system. Although the

dimension of the model variables is large, the size of the ensemble

is typically fairly small so the effort required to compute the SVD

is reasonable (Golub and van Loan 1989, p. 239).

Except for the iterative aspects, the EnRML procedure is very

similar to the EnKF procedure and we use the first step of the recur-

sive process to illustrate the EnRML procedure in the following.

1. Compute the reservoir state variables using the updated model

parameters, m�
j,0, from the initial time 0 to the first measure-

ment time t1

ψ(m�
j,0, t : 0 → t1) j = 1,2, . . . ,Ne . . . . . . . . . (16)

where ψ(·) denotes the reservoir simulator, the first argument

specified in the parentheses are model parameters used to

re-initialize the flow equations at initial time 0. The state

variables for the re-initialization are determined by the initial

conditions. The second subscript on m is the time index.

2. Generate an approximation of the sensitivity matrix by “solv-

ing” Eq. 15 for G� using a pseudo-inverse based on singular

value decomposition of ∆M�.

3. Apply the Gauss-Newton update formula in Eq. 14 to im-

prove estimates of model variables, m�+1
j,0 ( j = 1,2, . . . ,Ne).

4. Evaluate the data mismatch term for both m�
j,0 and m�+1

j,0

S(M0) =
Ne

∑
j=1

(
g(mj,0)−dobs,j,1

)T

×C−1
D

(
g(mj,0)−dobs,j,1

)
. . . . . (17)

Note the computation of g(m�+1
j,0 ) involves solving the for-

ward flow equations again from initial time 0 with m�+1
j,0

ψ(m�+1
j,0 , t : 0 → t1) j = 1,2, . . . ,Ne . . . . . . . . . (18)

5. If S(M�+1
0 ) < S(M�

0), overwrite m� with m�+1 and increase

β�; otherwise, keep m� and decrease β�.

6. Check if the convergence criteria are satisfied. If not, go to

Step 1 and iterate the procedure; otherwise, exit the assimi-

lation step and begin the next forecast.

The following criteria are used to determine if the solution has

converged:

• MAX1≤i≤NM ;1≤ j≤Ne
| m�+1

i, j −m�
i, j |< ε1 or

• S(M�+1)−S(M�) < ε2S(M�) or

• S(M�+1) ≤ ND or

• Iteration exceeds the pre-set maximum number of iterations,

IMAX.

In this paper, ε1 = 10−5, ε2 = 10−4, IMAX = 20 for the linear prob-

lem, and IMAX = 6 for the nonlinear problem.

A comprehensive description of the non-iterative EnKF proce-

dure, including refinements that can be used to decrease the effects

of small sample size can be found in Evensen (2003).

Test Problems
Because the key feature of the EnRML approach is the iteration in

the analysis step, the first several examples do not involve integra-

tion of dynamical systems. Subsequent tests apply the method to

linear and nonlinear dynamical flow and transport problems.

Problem 1: Single-Variable Linear, Analysis Only. The ensemble-

based implementation of the Randomized Maximum Likelihood method

of sampling (Kitanidis 1995; Oliver et al. 1996) should perform

quite well on a linear problem with large ensembles, because both

the variance and the cross-covariance can be estimated accurately.
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TABLE 1—SUMMARY STATISTICS PROBLEM 1 (LINEAR)

Estimate EnKF EnRML (0.5) EnRML (1.0) True

mean 0.000 0.000 0.000 0
var 0.498 0.498 0.498 0.5
obj 99.97 99.97 99.97 100
iterations 1 12.2 2 NA

TABLE 2—SUMMARY STATISTICS FOR PROBLEM 2 (NONLINEAR)

Estimate EnKF EnRML (0.5) EnRML (1.0) True

mean -2.04 -2.80 -2.80 -2.84
var 0.033 0.069 0.070 0.067
iterations 1 22.7 9.8 NA

In this simple linear example, a single measurement is made of a

random variable drawn from a standard normal distribution. The

goal is to estimate the value of the variable and the uncertainty

of the estimate. The observed value is 0, but it is assumed to be

contaminated with Gaussian measurement noise with mean 0 and

variance 1. To reduce the effect of sampling error, an ensemble of

100 states is generated to test the performance of both the EnKF

and the EnRML methods. For this linear test problem, the vari-

able itself is observed so g(m) = m, but the observation is noisy, so

dobs = g(mtrue)+ ε.

Prior to acquisition of data, the best estimate of m is 0, and the

uncertainty is completely characterized by the variance, σ2
m = 1.

After assimilation of the data, the best estimate is still 0, but the

posterior variance is 1/2. For each ensemble, after the analysis step,

the mean, the variance, and the data objective function,

obj =
100

∑
j=1

(g(mi,j)−dobs)2

Cε

are computed for each ensemble. The values mean, var, and obj

reported in Table 1 are the averages over 10,000 ensembles. Not

surprisingly, results from the EnKF method are quite good. The

iterated filter also gives the correct results, at a somewhat higher

price. In particular, note that the iterated filter (EnRML) with re-

stricted step length (β = 0.5) took an average of 12 iterations to

converge, but obtained results that were identical to those of the

EnKF. This verifies that the iterated update, even with a restricted

step, gives correct results for a linear problem.

Problem 2: Single-Variable Nonlinear, Analysis Only. In this

example, a single measurement is made of a random variable drawn

from a standard normal distribution. The observed value is g(−3),
but the measurement is assumed to be contaminated with Gaussian

noise with mean 0 and variance 0.01. An ensemble of 100 states is

generated to test the methods with relatively small sampling error.

We tested the analysis step from both the EnKF and the EnRML.

Two values of β were tested in the iterative update, simply to verify

consistency. For this nonlinear test problem,

g(m) = m+(m/3)2.

Prior to acquisition of data, the best estimate is mpr = 0 and the vari-

ance in the estimate is σ2
m = 1. In this case, the results for EnRML

with the full step length (β = 1) and for EnRML with restricted step

length (β = 0.5) are nearly identical, except that the restricted step

length took twice as many iterations to converge (Table 2). Re-

sults from the EnRML are much better than results from the EnKF

for this problem. In particular, note that the variance estimate from

EnRML is very close to the correct result, while the estimate from

EnKF is too small by a factor of 2.

Problem 3: Ten Variable Nonlinear, Analysis Only. One impor-

tant aspect of the iterative updating method is the need to compute

(and update) the sensitivity matrix for the data G when the number

of model variables is larger than the number of ensemble members.
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Fig. 1—Mean of ensemble means from 10,000 trials with ensem-
ble size varying from 5 (diamonds), 10 (stars), 20 (squares), 40
(triangles), 80 (dashed).

The test problem has a larger number of variables than the ensemble

size, to test the impact of the estimation of G from a small ensem-

ble. The variables form a 1-D gaussian random field on a uniform

lattice. The prior expectation for the variables is mpr = {0, . . . ,0}
and the prior covariance is (CM)i, j = exp(−3|i− j|/4). (Note that

the prior variance is uniform, but that the covariance is not.)

A single nonlinear measurement is made of the quantity

g(m) = m̄+0.2m̄2

where m̄ = (m1 + · · ·+m10)/10. We assume that the measurement

is d = g({2, . . . ,2}) = 2.8 and that the standard deviation of the

measurement error is 0.01. (This implies that the mean of the model

variables must be approximately 2.0.)

Means and variances for each of the 10 variables were estimated

using standard implementations of the analysis step in EnKF and

the EnRML. Results from the EnKF and EnRML were compared

with results from an acceptance/rejection algorithm (Ripley 1987)

in which 10 million random samples were proposed from a multi-

gaussian approximation to the posterior pdf. 22,000 of the propos-

als were accepted.

Ensembles for EnKF and EnRML varied in size from 5 to 40

and the experiment was repeated 10,000 times for each ensemble

size. Fig. 1 shows the means of the ensemble estimates for each

of the variables from the EnKF and EnRML. Note that the results

for the mean do not seem to depend significantly on the size of the

ensemble, but results from the EnKF are much different from those

of EnRML, which are nearly identical to results from the rejection

method (Fig. 1c). The estimate of variance from the ensemble after
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semble size.

Fig. 2—Results from 10,000 trials with ensemble size varying
from 5 (diamonds), 10 (stars), 20 (squares), 40 (triangles), 80
(dashed).

the EnRML iterative update does depend on the size of the ensem-

ble, but for an ensemble size of 80, the results are nearly identical to

the results from the rejection algorithm (Fig. 2a). The normalized

objective function for an ensemble of realizations mi with perturbed

data dobs,i is the mean of the following over the 10,000 trials:

S(m) =
1

2Ne

Ne

∑
i=1

[(
g(mi)−dobs,i

)2
C−1

D +
(
mi −mpr,i

)T

×C−1
M

(
mi −mpr,i

)]
. . . . . . . . . . . . . . . (19)

The magnitude of the mean normalized objective function initially

decreases rapidly as the size of the ensemble increases, but increas-

ing the size above 40 results in little further improvement for this

problem (Fig. 2b).

Problem 4: Linear Dynamics and Observation Operator. In this

problem, dynamics are included so that the result of iterating from

time 0 can be compared with the standard EnKF without iteration,

and with another iterative filter that does not require a return to the

initial time. Assume that a passive tracer is injected at one end of a

core and that the times for transport of the tracer to different loca-

tions of the core is measured. The flow is single phase; the length

of the core is L; the cross-sectional area is A; the permeability is

k(x); the porosity is φ(x); and the viscosity of the fluid is µ. For

simplicity, assume also a consistent set of units, so Darcy’s Law is

q = uA = kA∆p(x)/(µx), where q is the flow rate, u is the superficial

velocity, and �p(x) is the pressure drop from the inlet to location

x. The velocity of the tracer front is v = u/φ.

For fixed flow rate q, the arrival time of the tracer at location x is

tx =
x

v
=

A

q

Z x

0
φ(x′)dx′, . . . . . . . . . . . . . . . . . . . . . . . . . (20)

or for uniformly discretized grids,

tx =
A�x

q

ix

∑
i=1

φi, . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (21)

where ix is the discretized grid index corresponding to the location

x. We can see from Eq. 21 that the travel time of the tracer to the grid

ix depends on the summation of the porosity of the core from the

inlet up to the grid ix. It does not depend on the porosity elsewhere,

or on the permeability or the fluid viscosity.

For this selected problem, the core is discretized into 20 uniform

grids. The arrival times of the tracer at the downstream ends of

grids 4, 7, 12, and 20 are used to update the porosity distribution,

and the tracer concentrations of the core. To propagate the system

from previous assimilation time (i.e. previous measured location) is

txk
= txk−1

+
A�x

q

ixk

∑
i=1+ixk−1

φi

and to propagate the system from time 0 (location 0) is

txk
=

A�x

q

ixk

∑
i=1

φi,

where ixk−1
and ixk

are the integer grid indices corresponding to the

location xk−1 and xk, respectively.

Results from three methods were compared for this problem:

EnKF, EnRML, and conforming EnKF (Wen and Chen 2007). Con-

forming EnKF is an iterative form of the ensemble Kalman filter

in which only the model variables are updated using the Kalman

gain. The reservoir simulator is used to update the state variables,

by restarting the reservoir simulator from the previous assimilation

time with the updated model variables. By using the simulator

to update the state variables, the values are physically plausible.

The EnRML method is somewhat similar, except that the iterative

scheme is developed from the Gauss-Newton formulation of the

Randomized Maximum Likelihood method, which has been exten-

sively tested by comparison with Markov chain Monte Carlo results

(Liu and Oliver 2003). EnRML does demand greater computa-

tion as it requires the state variables to be recomputed from initial

conditions. Differences between the methods were accentuated by

assuming that the first measurement of arrival time was highly in-

accurate (σε = 100.0), while subsequent measurements were more

accurate (σε = 0.25). Histograms of the computed data after assim-

ilation of the first and third observation are shown in Fig. 3. There

is very little difference between the results from the two methods

after the first data assimilation (Fig. 3a), but the differences are pro-

nounced (Fig. 3b) after the assimilation of the third data. Residuals

from EnRML at the third assimilation time are consistent with the

assumption of small noise in the observations.

Fig. 4 compares the mean of the ensemble porosity estimates

with 30 members from the three methods at measurement time 4.

The vertical green line indicates the measurement location. The

results from the EnKF and EnRML overlay each other, indicating

that for a problem with linear dynamics and a linear observation

operator, EnRML gives results that are identical to the results from

EnKF.

Problem 5: Nonlinear Dynamics and Observation Operator.
This example deals with data assimilation for 1-D, two-phase, im-

miscible flow without capillary pressure. The problem is chosen be-

cause the saturation shock results in a bimodal probability density

for saturation that is difficult to handle with the standard Kalman fil-

ters. The test case has 32 grid cells in a 1D grid. Water is injected at

a constant rate in grid 1 and fluid is produced at a constant pressure

from grid 32. Water saturations are measured at the observation

well in grid 16.

An exponential covariance model is used to generate 65 initial

realizations of porosity and log permeability. The practical corre-

lation range (the distance at which the covariance drops to 5% of

the variance value (Journel and Huijbregts 1978) of the covariance

model is approximately 15 grids. The mean and standard devia-

tion of porosity fields are 0.2 and 0.04, respectively. The mean and

standard deviation of lnk fields are 5.5 and 0.7. The correlation

coefficient between porosity and lnk is 0.6.
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Fig. 3—Histograms of the computed tracer travel times with
30 ensemble members from the Conforming EnKF and EnRML
both with half step length at the end of their iterations at mea-
surement times 1 and 3.
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Fig. 4—Ensemble mean porosity with 30 ensemble members
from the EnKF, conforming EnKF and EnRML both with half
step length at the end of their iterations at measurement time 4.

In a previous investigation, it was found that the ensemble Kalman

filter worked fairly well at updating the water saturation field when

corrections to the saturation were small, but that the updated values

became non-physical when the measurements started at a late time

(Gu and Oliver 2006). For this test, water saturation observations at

days 40, 90, 140, 190, 210, 230, 250, and 270 are used to refine the

reservoir models. None of the models have water breakthrough at

the measurement location before 190 days, so there are no changes

to the model or state variables until 190 days. At that time, the

correction is fairly large. The standard deviation of the error con-

tained in the data is 0.5%, a small value that was chosen to make

the problem more nonlinear.

Fig. 5 shows the ensemble of water saturation profiles after the

assimilation of data at day 190. The vertical line indicates the obser-

vation location (grid 16). The red curve is the true saturation profile

at this time. The multiple black lines are saturation profiles from

the ensemble. The EnKF gives saturation profiles that are com-

pletely implausible; in some cases water saturations exceed 1−Sor

and in others the saturation profiles oscillate between high and low

values (Fig. 5a). Results from the conforming EnKF are plausible

but, even after six iterations, inconsistent with the observed satu-

ration (Fig. 5b). Results from the EnRML are both plausible and

consistent with the observed saturation at the measurement location

(Fig. 5c).

In each of these methods, both the model variables (porosity and

log-permeability) and the state variables (saturation and pressure)

are updated to be consistent with observations. The saturation pro-

files in Fig. 5 show, however, that the errors in saturation in the

neighborhood of the front can be quite large for both EnKF and

conforming EnKF. The errors in the porosity are generally smaller

and more consistent between the methods. We compare the esti-

mates of porosity quantitatively using the root-mean-square error

(RMSE) in the porosity variables.

RMSEk =

√√√√ 1

Ne

Ne

∑
j=1

(xk, j − xtrue
k )2 . . . . . . . . . . . . . . . . . (22)

Fig. 6 plots the individual gridblock RMSE in the porosity values at

190 days (Fig. 6a) and the maximum value of the gridblock RMSE

at each of the measurement times (Fig. 6b). Although there is no

particular reason that the RMSE in model parameters should always

decrease as data are assimilated, we can make a couple of general

observations. Despite the large differences in saturation estimates

between EnKF and EnRML, the errors in the porosity estimates are

very similar. None of the methods make any changes in the model

until 190 days, at which time all of the methods show a substantial
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(a) After EnKF correction.

(b) After 6 conforming EnKF iterations.

(c) After 6 EnRML iterations.

Fig. 5—Assimilation of Sw observation at 190 days.

reduction in the RMS error. In this example, the maximum RMSE

in porosity after 200 days is smallest for the EnKF.

Discussion and Conclusions
Although the EnKF has generally proven to be effective for history

matching and assimilation of data in multiphase fluid flow prob-

lems, there are times when the resulting state estimates or realiza-

tions are inconsistent with the data, or are inconsistent with the dy-

namical equations and physical limits. The solutions that we have
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Fig. 6—Comparison of porosity values for EnKF, conforming
EnKF, and EnRML.

proposed resolve the issue of inconsistency in the state variables by

generating the updated (history matched) state variables from the

dynamical equations instead of from the filter — only the static vari-

ables are updated from the filter. Because of the nonlinearity in the

relationship between model and state variables, and between model

variables (e.g. porosity and permeability) and observable variables

(e.g. water saturation, pressure, rates), it is necessary to iterate to

enforce the measurement constraints. We demonstrated through a

number of examples that the iterative filter (EnRML) gave the cor-

rect results for small linear static problems, and agreed with the

EnKF for a linear dynamical problem involving the flow of tracer in

a porous medium.

We also compared the results on two static nonlinear problems,

and showed that the estimates of the mean and the variance from En-

RML were very close to the correct values, while results from EnKF

were not. For the dynamic problem of two-phase flow in a porous

medium, with observations of saturation, we showed that EnRML,

EnKF, and conforming EnKF gave similar results for porosity (and

permeability) but that the estimate of the state variable (saturation)

was much better from EnRML.

The new EnRML method is more expensive than EnKF because

of the requirement to rerun the simulation models from the begin-

ning time to update the estimates of saturation and pressure. In

practice (Gu 2006), we have found that it is best to use the EnKF

correction when the corrections to the state variables are small, and

to use the EnRML correction when the changes are large. In this
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way, estimates and realizations of the state variables and the model

variables are consistent with all of the data and the physical con-

straints.
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