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The Ensemble Kalman Filter
for Continuous Updating
of Reservoir Simulation Models
This paper reports the use of ensemble Kalman filter (EnKF) for automatic history
matching. EnKF is a Monte Carlo method, in which an ensemble of reservoir state
variables are generated and kept up-to-date as data are assimilated sequentially. The
uncertainty of reservoir state variables is estimated from the ensemble at any time step.
Two synthetic problems are selected to investigate two primary concerns with the appli-
cation of the EnKF. The first concern is whether it is possible to use a Kalman filter to
make corrections to state variables in a problem for which the covariance matrix almost
certainly provides a poor representation of the distribution of variables. It is tested with
a one-dimensional, two-phase waterflood problem. The water saturation takes large val-
ues behind the flood front, and small values ahead of the front. The saturation distribu-
tion is bimodal and is not well modeled by the mean and variance. The second concern
is the representation of the covariance via a relatively small ensemble of state vectors
may be inadequate. It is tested by a two-dimensional, two-phase problem. The number of
ensemble members is kept the same as for the one-dimensional problem. Hence the
number of ensemble members used to create the covariance matrix is far less than the
number of state variables. We conclude that EnKF can provide satisfactory history
matching results while requiring less computation work than traditional history matching
methods. �DOI: 10.1115/1.2134735�
Introduction
History matching is the process of adjusting the variables in a

reservoir simulation model so that the computed values of observ-
ables such as rates, or pressures, or saturations, at individual wells
are in reasonable agreement with actual measurements of those
quantities. To do this, one typically attempts to minimize the
square of the mismatch of all measurements and computed values.
Great progress has been made towards the automation of the ad-
justment procedure, and it is now possible to perform a history
match of multiphase flow data at the cost of approximately 100
reservoir simulation runs.

The increase in deployment of permanent sensors for monitor-
ing pressure, temperature, resistivity, or flow rate has added im-
petus to the related problem of continuous model updating. In-
stead of simultaneously using all recorded data to generate an
appropriate reservoir flow model, it has become important to in-
corporate the data as soon as they are obtained so that the reser-
voir model is always up-to-date.

The Kalman filter has historically been the most widely applied
method for assimilating new measurements to continuously up-
date the estimate of state variables. Kalman filters have occasion-
ally been applied to the problem of estimating values of petroleum
model variables �1,2�, but they are most appropriate when the
problems are characterized by relatively small numbers of vari-
ables and when the variables to be estimated are linearly related to
the observations. Most data assimilation problems in petroleum
reservoir engineering are highly non-linear and are characterized
by many variables, often two or more variables per simulator
gridblock.

The problem of weather forecasting is in many respects similar
to the problem of predicting future petroleum reservoir perfor-
mance. The economic impact of inaccurate predictions is substan-
tial in both cases, as is the difficulty of assimilating very large data
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sets and updating very large numerical models. One method that
has been recently developed for assimilating data in weather fore-
casting is ensemble Kalman filtering �3–8�. The method is now
beginning to be applied for data assimilation in groundwater hy-
drology �9� and in petroleum engineering �10–16�.

Background on Kalman Filters
The Kalman filter is usually used for state estimation in systems

that evolve with time. The methodology consists of a forecast step
�stepping the system forward in time� and an assimilation step in
which variables describing the state of the system are corrected to
honor the observations. Because this paper concerns the applica-
tion of the Kalman filter to the problem of reservoir model updat-
ing, instead of using the traditional notation of Kalman filters,
notation from Bayesian history matching will be used to explain
the assimilation step. The forecast step in the Kalman filter for a
dynamical system is unimportant for our application because that
computation is performed by a numerical reservoir simulator.

In our applications, the reservoir state vector consists of all the
reservoir variables that are uncertain, and that need to be specified
in order to run the reservoir flow simulator. We denote the state
vector as y. At any time tk, y consists of two parts: model vari-
ables �porosities, permeabilities, saturations, and pressures� and
theoretical data �well production rates, bottom-hole pressures, wa-
ter oil ratios, etc.�. In the notation, we neglect the time depen-
dence of the variables and write the state vector for the reservoir
model as

y = �mTdT�T. �1�
Note that in most history-matching applications, the collection

of variables to be estimated consists only of the variables that do
not change with time, e.g., porosity and permeability. Pressure and
saturation would be determined from the knowledge of the static
properties by solving the reservoir flow equations. Because satu-
rations, pressures, porosities, and permeabilities, are simulta-
neously updated in the assimilation step, there is a potential for

inconsistency, which we will discuss later.
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For simplicity of exposition, we will temporarily assume that
the relationship between the model variables and the theoretical
data is linear, in which case the relationship between the observa-
tion vector and the reservoir state vector can be written as

dobs = Gmtrue + � = Hytrue + � , �2�

where � is a vector of �unknown� measurement errors, G is the
sensitivity matrix, and E���T�=CD, which is assumed to be
known. H�RNd�Ny is the measurement operator that relates the
state vector to theoretical observations. Because the theoretical
observations are part of the state vector y, H is a trivial matrix
with only 0 and 1 as its components. We can always arrange H as

H = �0�I� , �3�

where 0 is a Nd� �Ny −Nd� matrix with all 0s as entries, I is a
Nd�Nd identity matrix, Nd is the number of measurements and Ny
is the number of variables in the state vector, y.

The “best” estimate �the one that has maximum probability
density� of y is obtained by minimizing the objective function

S�y� =
1

2
�Hy − dobs�TCD

−1�Hy − dobs� +
1

2
�y − yp�TCY

−1�y − yp� ,

�4�

where CY is the covariance matrix for the state vector y and yp is
the prior estimate of the variable y. Because we have assumed for
this section that the relationship between data and model variables
is linear �i.e., d=Gm�, it is easy to see that

CY = � CM CMGT

GCM GCMGT � , �5�

where CM is the covariance matrix for the vector of model vari-
ables m.

The estimate of y obtained by minimizing the objective func-
tion �Eq. �4�� is

�y	 = yp + CYHT�HCYHT + CD�−1�dobs − Hyp� , �6�

�see, e.g., �17�, page 70�, or, in terms of CM and G,

�m	 = mp + CMGT�GCMGT + CD�−1�dobs − Hyp� , �7�

because

CYHT = � CMGT

GCMGT �
and HCYHT=GCMGT. In traditional history matching, all avail-
able data are included in the data vector, dobs. If the errors in the
data are independent, there is nothing to prevent one from assimi-
lating one piece of data at a time, however �17, pages 294�, Oliver
�18� showed that the maximum a posteriori estimates of perme-
ability values obtained by using all pressure data simultaneously
were similar to the results obtained by using one data at a time. In
order to use a method that assimilates one data at a time, it is
necessary to update the covariance matrix after each assimilation

CM� = �CM
−1 + GTCD

−1G�−1 = CM − CMGT�CD + GCMGT�−1GCM .

�8�
There are two obvious difficulties in the application of this

method to the problem of reservoir data assimilation. One is that
the size of the covariance matrix for the model variables is typi-
cally very large, and the second is that the computation of the
sensitivity matrix G is expensive for non-linear models and would
need to be repeated for the assimilation of each datum. Also note
that for non-linear models, the model covariance matrix computed
from linearization of the flow equation is only approximate. This
step is unnecessary when using the ensemble Kalman filter be-
cause the information needed to estimate the covariance matrix is

in the ensemble.
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The Ensemble Kalman Filter. The ensemble Kalman filter
takes a different approach. A large number of initial state vectors
�more accurately, only porosity and logarithm permeability for our
case� are generated by sampling from the probability density func-
tion for the state vectors before the assimilation of any data. The
jth reservoir state vector, yj

p, is updated using the ensemble ap-
proximation to the Kalman gain. The formulas used to update the
state vector are similar to the formulas used in standard parameter
estimation �Eqs. �7� and �8��, as described for example in �17�.
The primary difference is that the dynamic state variables such as
pressure and saturation are updated as well as the static state vari-
ables such as porosity and permeability. The second difference is
that the estimate of the Kalman gain matrix �or, equivalently, the
sensitivity matrix and model covariance matrix� is estimated di-
rectly from the ensemble of states

yj
u = yj

p + Ke�dj − Hyj
p� �j = 1,2, . . . ,Ne� , �9�

where Ke is Kalman gain and computed as:

Ke = CY,e
p HT�HCY,e

p HT + CD�−1. �10�

In Eqs. �9� and �10�, the superscript p denotes prior, meaning that
the values are output from the simulator before update; u repre-
sents the values after the update. The subscript e denotes a value
that is computed from the ensemble of state vectors; j counts from
1 to the number of ensemble member, Ne. Note that while Eq. �9�
is essentially equivalent to Eq. �6�, the EnKF approach avoids the
difficulty of computing the sensitivity matrix G and the covari-
ance matrix CM, and instead approximates the product CMGT di-
rectly from the ensemble.

The covariance matrix for the state variables at any time could
be estimated from the ensemble using the standard statistical for-
mula:

CY,e
p =

1

Ne − 1
�Yp − ȳp��Yp − ȳp�T, �11�

where Y denotes the collection of all ensemble state vectors and is
a matrix with dimension Ny �Ne; ȳ denotes the mean of state
variables calculated across the ensemble members and is a vector
with dimension Ny; Ny is the dimension of the state vectors.

Y = �y1,y2, . . . ,yj, . . . ,yNe
� . �12�

In more detail, any element cm,l in the covariance matrix CY,e
p can

be computed as the following

cm,l =
1

Ne − 1

j=1

Ne

�xm,j − x̄m��xl,j − x̄l� �m,l = 1,2, . . . ,Ny� ,

�13�

where xm,j and xl,j are the mth and lth variables, respectively, in
the state vectors for the jth ensemble member; x̄m and x̄l are the
means of the mth and lth variables, respectively, in the state vec-
tor, and are calculated across the ensemble members; cm,l is the
covariance between the mth and lth variables in the state vector.

We can compute the covariance matrix at any assimilation time
step only from that time instant and do not need to advance the
covariance matrix as in a standard Kalman filter shown in Eq. �8�.
In practice, it is not necessary to compute an approximation of the
covariance matrix, because we only require the product HCY,e

p .

Application of the Ensemble Kalman Filter
The following outline is intended to provide a general idea of

the basic computations and the reasons for the computational ef-
ficiency.

1. Advance the state vectors using the numerical reservoir
simulator to the time for data assimilation.

2. Assemble the state vectors for each ensemble member, yj

�j=1, . . .Ne�.
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yj = �� j,1, . . . ,� j,N, ln Kj,1, . . . , ln Kj,N,pj,1, . . . ,pj,N,

Sj,1, . . . ,Sj,N,dj,1 . . . ,dj,Nd
�T �14�

where N is the number of gridblocks.
3. Compute the vector of mean values of state variables.

ȳ =
1

Ne


j=1

Ne

yj �15�

4. Compute, �Y, the matrix of deviations of state variables
from the mean. The jth column of �Y is

�yj = yj − ȳ �16�
5. Compute the product of the transpose of the matrix of de-

viations, �YT, with the transpose of the matrix, HT. In fact,
this requires only the selection of a few columns of �YT.

A = �YTHT �17�
6. Compute the Kalman gain matrix.

Ke =
1

Ne − 1
�YA� 1

Ne − 1
ATA + CD�−1

�18�

7. Update the state vectors.

yj
u = yj

p + Ke�dobs − Hyj
p� �j = 1,2, . . . ,Ne� �19�

8. If there are additional data, return to step 1.

Examples
There are at least two primary concerns with the application of

the ensemble Kalman filter to the problem of updating reservoir
flow models. One is that whether it is possible to use a Kalman
filter to make corrections to state variables in a problem for which
the covariance almost certainly provides a poor representation of
the distribution of variables. The second concern should be the
representation of the covariance via a relatively small ensemble of
state vectors may be inadequate.

Two synthetic problems are selected to investigate the potential
difficulties. The first one is a one-dimensional, two-phase water-
flood problem with the first data assimilation time occurring at a
fairly late time. The water saturations take large values behind the
water flood front, and small values ahead of the front. The satu-
ration distribution is bimodal in this case and is not well modeled
by the mean and variance. The key issue in this case is the ability
to update the water saturations realistically. In the second prob-
lem, the reservoir model is two-dimensional so that the number of
state variables is increased substantially. The number of ensemble
members is kept the same as for the one-dimensional problem,
and the main concern is that the number of ensemble members
used to create the covariance matrix is far less than the number of

Fig. 1 Water saturation profiles before and a
110 days
state variables.
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In both cases, the wells are constrained by bottom-hole pres-
sure. The producers are produced at a constant pressure of
1900 psig �1 psi=6,894.76 pascal� and injectors are injected at a
constant pressure of 4500 psig. The reservoir gridblocks are uni-
form. The dimension of a gridblock is 60�60 feet2.

Example 1: One-Dimensional Waterflood. The reservoir
model in this test case is 32 gridblocks in length. Water is injected
in gridblock 1 and fluids are produced from gridblock 32. Forty
nonuniform reservoir models are generated from a multi-normal
distribution. The porosity is assumed to have a mean value of 0.2
and standard deviation of 0.04. The permeability is log-normally
distributed. ln K has a mean of 5.5 �when K is in md. 1 md
=0.9896233�10−12 m2� and standard deviation of 0.5. The two
variables are correlated with cross-correlation coefficient of 0.5
and the distributions of both variables are described by the expo-
nential covariance model with range of 18 gridblocks.

The data to be assimilated in this problem are the water injec-
tion rate, the water and oil production rates, and the water satura-
tion in gridblock 21. The data are obtained every 10 days starting
at day 110. Measurement errors in the rates are assumed to have a
standard deviation of 1 barrel per day �bpd� and measurement er-
ror in the saturation is assumed to have a standard deviation of
0.01.

From Fig. 1, we can see that prior to the first application of
Kalman correction, there is considerable variation in the location
of the saturation fronts. After the correction, two obvious prob-
lems with the methodology are apparent. One is that some water
saturations obtained nonphysical values, for example Sw�0 for
some gridblocks after the water front. The other is the water satu-
ration values do not always decrease monotonically from high at
the injector to low at the producer.

Three methods of resolving the problems with water saturations
are considered in the paper: �1� transformation of the saturation to
a variable whose univariate distribution is normal, �2� use of the
location of water shock front, instead of saturations as a state
variable, and �3� iterating the update.

Normal Score Transform. One obvious way to avoid the prob-
lem with nonphysical values of saturation is to use the normal
score transform values �19� of the saturations instead of the satu-
rations themselves as state variables. The non-parametric transfor-
mation is constructed from the empirical cdf of gridblock satura-
tions from the reservoir simulator. The variable after
transformation is normally distributed. Figure 2 shows the results
of applying the ensemble Kalman filter to the transformed vari-
able. From Fig. 2�b�, we can see that after applying the normal
score transform, saturations do not go outside of reasonable
bounds. Unfortunately, the saturations still oscillate spatially be-
tween high and low values. The oscillations are not very obvious

r first application of the Kalman correction at
fte
in Fig. 2�b�, but become more pronounced at later times.
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Saturation Front Location as a State Variable. Instead of ap-
plying an explicit transformation to the water saturations, we re-
placed the saturations in the state vector �Eq. �14�� with a variable
which locates the shock front. The idea is to improve the linearity
of the relationship between variables. The jth state vector now
becomes

yj = �� j,1, . . . ,� j,N, ln Kj,1, . . . , ln Kj,N,pj,1, . . . ,pj,N,

xFront,j,dj,1 . . . ,dj,Nd
�T. �20�

The Kalman update formula is then used to adjust the location.
Saturation values at gridblock locations are computed by interpo-
lation based on a normalized table of saturation versus distance,
computed for each reservoir realization. Figure 3�a� shows the
water saturation profiles after the first Kalman correction. The
saturation values are within reasonable bounds and change mono-
tonically from high at the injector to low at the producer.

Iterating the Update. The front location method is applicable to
one-dimensional problem. However, for two- and three-
dimensional problems, it is not straightforward to describe the
shock front locations in the state vector. We attempted to use a
more general approach. Wen and Chen �15� used a confirmation
check in their application to assure the consistency between the
updated static and dynamic variables. Using a similar idea, when-
ever the updated saturations are detected out of physical bound �in
this paper, we used 0.0�Sw�1.0�, we rerun the simulator from
previous time step to recompute the dynamic variables �pressure
and saturation� using the updated static variables �porosity and
permeability�. The difference of the new computational data and
the observation is then used to update the state variables. The
extra iteration step is repeated until the corrected saturation pro-
files satisfy the physical bound, or the iteration exceeds a maxi-
mum number �we used twice�. We noticed that, in this problem,

Fig. 2 The transformed variable and water
Kalman correction at 110 days
Fig. 3 110 days, saturation profiles after
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the extra iterations are required when the first data were assimi-
lated �at 110 days�, when the water front reached the observation
well in gridblock 21 �at 340 days�, and some times following the
water break-through at the observation well. Figure 3�b� displays
the water saturation profiles at 110 days after correction with 1
extra iteration step. Comparing with Fig. 1�b�, the saturation pro-
files are improved.

Figures 4 and 5 compare the computed water and oil production
rates �darker color� with the corresponding observed values
�lighter color�, without and with iteration, respectively. From Fig.
4, we can see that the timing of water break-through is not cap-
tured without iteration. However, with iteration steps, shown in
Fig. 5, not only do the saturation profiles get more realistic �see
Fig. 3�b��, but also the data are better honored.

Figure 6 plots the root mean square �rms� errors of the estimate
of porosity and natural logarithm permeability. It is computed as

RMS = 1

N

i=1

N

�x̂i − xi
true�2. �21�

where x̂ can be the mean estimate of porosity or natural logarithm
permeability; xtrue is the corresponding true value of the estimate;
i is the index for the gridblock; N is the total number of the
gridblocks. rms measures the deviation of the estimate from the
truth at each gridblock in an average sense. It can reflect the
improvement of the estimate with time when decreasing.

Because of the boundary conditions on flow �fixed pressure�,
and the type of data �rates�, the observations do not inform about
porosity until the rate of water advance can be observed. As the
permeability is adjusted to honor the rate measurements, the po-
rosity changes slightly because of its correlation with permeabil-
ity. Unfortunately, the correlation appears to be moving the poros-
ity away from the truth in this example. Figure 6 demonstrates the

uration profiles after first application of the
sat
application of the Kalman correction
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failure of the assimilation at the water break-through time at the
producer when no iteration is applied. With iteration, the estimate
of permeability improves steadily as more data are assimilated,
while the error in the porosity estimate decreases at early time,
then begins to increase after water arrival at observation well and
the saturation datum is assimilated �at 340 days�.

Example 2: Two-Dimensional Problem. A larger test is cre-
ated to investigate the performance of the ensemble Kalman filter
on a problem for which the number of state variables is far greater
than the number of ensemble members. The grid for this test prob-
lem is 16�16, so the number of elements in the state vector is
4�256 plus the number of data. We again use 40 ensemble mem-
bers to represent the covariance between variables.

The true permeability and porosity fields are shown in Fig. 7.
Both fields are generated using an exponential variogram model
with a range of 30 gridblocks in the x-direction and 15 gridblocks
in the y-direction. The mean values of the natural logarithm of
permeability �md� and porosity are 5.5 and 0.2 respectively, and
the standard deviations are 0.5 and 0.02, respectively. The corre-

Fig. 4 The observed and computed water and
after Kalman correction, without iteration

Fig. 5 The observed and computed water and
after Kalman correction, with iteration

Fig. 6 RMS error of porosity „left… and natura

iteration

Journal of Energy Resources Technology

loaded 16 Jul 2008 to 143.97.2.35. Redistribution subject to ASME 
lation coefficient between log-permeability and porosity is 0.5.
An injector is located approximately in the center of the reser-

voir, and four producers are located at the four corners. The data
consist of oil and water production rates at the producers and the
water injection rate at the injector and are acquired every 10 days
beginning at day 10. The standard deviation of the measurement
errors in rates is assumed to be 1 bpd.

Figure 8 shows comparisons of the oil rates at the four produc-
tion wells used for assimilation �lighter color�, and the predicted
rates from each of the ensemble members �darker color�. The oil
rate at producer 1 drops fairly rapidly after 170 days because wa-
ter breaks through to the well at that time. The agreement between
observations and predictions appears to be good, and the spread of
the realizations is reasonable.

In the Kalman filter application, the permeability and porosity
fields are continuously updated as data are assimilated. It is im-
portant that the corrections to the permeability and porosity fields
be done in such a way that the plausibility of the fields, as indi-
cated by the spatial autocorrelation, is maintained. Figure 9 shows

production rates from all ensemble members

production rates from all ensemble members

garithm permeability „right… with and without
oil
oil
l lo
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both the initial permeability field for model 1 �the first of the 40
ensemble members�, and the permeability field after the first data
assimilation. Figure 10 shows the porosity and permeability fields
for model 1 after assimilation of 200 days of production data.
These fields should be compared with the true fields in Fig. 7.
Note in particular, the general reduction in permeability in model
1 that has occurred in the upper left quadrant. While the fields are
not identical, it appears that the final property fields are not unre-

Fig. 7 The true porosity „left

Fig. 8 Oil production rates at the

Fig. 9 The permeability field for model 1 be
10 days

Fig. 10 The final porosity „left… and permeab

Kalman correction
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alistic, and that the changes are largely reasonable.
In the two-dimensional test, we include saturations in state vec-

tors, even though they causes problems in the one-dimensional
test problem. Figure 11 shows the saturation profile on a cross-
section through the injector at 10 days. The saturations after the
update are mostly reasonable—we do not see profiles that are not
decreasing away from the injector. The only indication of poten-
tial problem is the saturation on one profile that is slightly below

nd permeability „right… fields

roducers after Kalman correction

e „left… and after „right… kalman correction at

y „right… fields for model 1 after 200 days of
for
ilit
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the initial water saturation. In this case, it does not appear to be
necessary to change variables or iterate. We believe that this will
generally be the case when changes to the state variables in the
update step are relatively small.

Material Balance Check. In traditional history matching, only
the permeability and porosity fields would be updated using an
optimizer, then the pressure and saturation fields that are consis-
tent with the permeability and porosity fields would be computed
by running the reservoir simulator. In the Kalman filter method,
the permeability, porosity, pressure, and saturation are all updated
simultaneously. In essence a linearized approximation to the simu-
lator is used to make a prediction of the saturation changes and
pressure changes that would result from the porosity and perme-
ability changes.

It is not at all clear, however, that material balance is honored
during the Kalman correction steps. In order to check the global
material balance error, we compare the total water-in-place at the
end of the 200 days for reservoir models that have been continu-
ously updated, to reservoir models that use the final permeability
and porosity fields, but use the reservoir simulator to compute
water-in-place. Figure 12�a� shows a histogram of the magnitude
of the error for each ensemble member. Most errors are less than
0.8%. For comparison, the distribution of water-in-place in mil-
lion barrel �1 MB=158,987.3 m3� for the 40 ensemble members
is shown in Fig. 12�b�. Of course the errors in individual grid-
blocks can be fairly large.

One feature of the Kalman filter that can be disconcerting when
used for reservoir model updating, is that the permeability and
porosity fields are changing with time as additional data are as-
similated. It seems quite possible that the final permeability and
porosity fields that result from 200 days of data assimilation,
might no longer honor the data from the previous observations.

Fig. 11 10 days, water saturation at the midd
correction
Fig. 12 Material balance checking a
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We have already seen that the rock property fields are much dif-
ferent after 200 days than they are after 10 days �compare Figure
10 to Figure 9�. In Fig. 13, we see a comparison of the actual data
that are used in the assimilation, with the predicted values of the
measurements from each of the ensemble permeability and poros-
ity fields at 200 days. In this case, the data seem to be honored at
all times.

Conclusions
When the distribution of one of the state variables �saturation�

is very far from normal, we find that it is possible to generate
non-physical values during the Kalman update step. If necessary,
it could be resolved by a change of variables, or iteration. It is not
necessary to make a change of variables for the two-dimensional
problem, presumably because the changes in model variables in
any update step are relatively small.

We also find that the final model, at the end of data assimila-
tion, while much different from the earlier models, is still consis-
tent with the early data. The material balance errors are relatively
small, at least compared to the uncertainty in the actual values.
This is encouraging for the use of the method in reservoir history
matching because we would want a model that honored all data.

Because of the apparent need for small corrections at any
timestep, it seems that there will be some reservoir data assimila-
tion problems that this method will not be suitable for. It does,
however, seem to be ideally suited for the assimilation of data
from time series, for example, data from permanent sensors.

The results with a relatively small number of ensemble mem-
bers are remarkably good. The computational effort needed to
obtain 40 “history-matched” models is approximately the cost of
40 simulation runs plus the overhead associated with the cost of
computing the Kalman gain. Although the simulator is called at

column before „left… and after „right… Kalman
le
fter 200 days of data assimilation
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the time of every update, it is only used to advance the simulator
from the time of the last data assimilation to the time of the next
data assimilation. It is not necessary to rerun the simulation from
the initial time. It seems likely that larger ensembles will be re-
quired for problems with larger amounts of data to be assimilated.
At this time, we do not know if the results might begin to dete-
riorate if the assimilation period is much longer or if the models
are much larger.

Nomenclature
cm,l � Covariance between the mth and lth variables in the

state vector
CD � Covariance matrix of the data noises
CM � Covariance matrix of the reservoir model variables

CM� � Posterior covariance matrix of the reservoir model
variables

CY � Covariance matrix of the state vector
d � The simulated/computational data

dobs � Observation data
G � Sensitivity matrix

Gm � Sensitivity matrix evaluated at m
H � Operator matrix that relates the state vector to

simulated/computational data
m � Model variables

S�y� � Objective function
tk � Time step
y � The state vector
Y � Collection of the state vectors
� � Data noise

Superscripts
−1 � The inverse

Fig. 13 Comparison of the water injection rate in each model
with the data
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p � Values computed from the reservoir simulator before
Kalman correction

true � The true value
T � The transpose
u � The values after Kalman correction
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