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Abstract

In a companion paper [J. Mar. Syst. 40/41 (2003)], hereafter referred to as Part 1, we investigated an advanced data

assimilation technique, the ensemble Kalman filter, for sequentially updating the biochemical state of a three-dimensional

coupled physical–biochemical model of the North Atlantic. Within the methodology, an ensemble of model states is integrated

forward to a measurement time, where an estimate based on information from both the model and the observations is calculated.

The ensemble of states can provide estimates of any statistical moment, although moments of order three and higher are

discarded in the analysis. In the Part 1 paper, we presented a simple demonstration experiment for the months April and May

1998, with some additional sensitivity tests at the first measurement time. The simulation included the early part of the spring

bloom, which is characterized by strong nonlinear biochemical activity. It was concluded that the ensemble Kalman filter was

able to provide an updated state consistent with the observations, and it was seen that the ensemble variance of the different

biochemical components decreased during the analysis.

In this paper, we make some important remarks about linear versus nonlinear systems, emphasizing the fact that a data

assimilation problem may become extremely complicated for strongly nonlinear problems. Statistical moments of any order

may develop from Gaussian initial conditions during nonlinear evolution, and important information may be discarded by

calculating an estimate based on only the Gaussian part of the full probability distribution. We demonstrate that a Monte Carlo

approach can provide information about the system under consideration. For example, an ensemble of states, which is a

representative of the true probability density function, can be visualized in one, two or three dimensions. Also, one can find

estimates for the degree of nonnormality of the ensemble, which may act as indicators of the validity of performing a data

assimilation based on the Gaussian part of the full probability distribution.
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1. Introduction

In a companion paper (Natvik and Evensen, 2003,

this issue), hereafter referred to as Part 1, we presented

a data assimilation system for the biochemical part of

a three-dimensional coupled physical–biochemical
s reserved.
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model of the North Atlantic, utilizing real chlorophyll

data from the Sea-viewing Wide Field-of-view Sensor

(SeaWiFS). An advanced multivariate methodology,

the ensemble Kalman filter, was used to update the

full discrete state vector of the biochemical model.

To describe the physics of the ocean, we used a

version of the Miami Isopycnic Coordinate Ocean

Model (MICOM), by Bleck et al. (1992). This model

uses isopycnal coordinates in the vertical, i.e. the

ocean interior is divided into a finite number of layers

of constant and predefined potential density, and

above them there is a single turbulent mixed layer

of the Kraus–Turner type. The output from the ocean

circulation model is used to force the 11-component

Fasham–Ducklow–McKelvie (FDM)-type biochemi-

cal model, as described by Drange (1994, 1996). For

more information on the coupled model, see Part 1.

The ensemble Kalman filter uses a finite ensemble

of model states to represent the true probability

density. Thus, by integrating each member due to

the model dynamics, one can estimate any statistical

moment from the ensemble. Note that since we use a

finite number of members, an infinite number of

appropriate ensembles exist. The methodology is

sequential, i.e. the ensemble is integrated forward to

a time where measurements are available, and the

members are then updated due to an analysis scheme

(see Part 1 for details).

In the Part 1 paper, we presented a simple demon-

stration experiment for April and May 1998, assim-

ilating SeaWiFS chlorophyll data every 10th day. In

addition, some sensitivity tests were done at the first

assimilation time, i.e. at day 96. Note that the assim-

ilation experiment includes the early part of the North

Atlantic spring bloom. Since this is a period of great

biochemical activity, nonlinear effects are probably

relatively strong. Thus, the data assimilation problem

is nontrivial. A first observation in the Part 1 paper

was that the model system was not capable of pro-

ducing a spatial distribution of phytoplankton consis-

tent with the data at day 96. While the model

predicted a large phytoplankton bloom in the eastern

part of the North Atlantic basin, the SeaWiFS data

showed large concentrations near the western boun-

dary. There may be several reasons for the poor

prediction, e.g. the model was set up with only two

biochemical sublayers in the physical mixed layer,

which may not be sufficient for resolving the ecosys-
tem properly. Also, important biochemical dynamics

may be missing, or the parameter values may not be

optimal. A very positive result was that the ensemble

Kalman filter analysis, assuming 35% errors for the

observations and using 100 members in the ensemble,

provided an estimate consistent with the data. Further,

the ensemble variances of the different biochemical

components decreased significantly during the analy-

sis. The sensitivity with respect to the number of

ensemble members was also investigated. By per-

forming the ensemble Kalman filter analysis grid

point by grid point horizontally (see Part 1), it is

sufficient to ensure that we have reliable estimates of

the covariances locally, i.e. within a defined influence

radius for the measurements. We concluded that at

least 60–80 members are needed. Finally, we studied

the sensitivity with respect to the measurement errors;

even with 60% errors, the poor model prediction was

greatly improved during the analysis.

In the ensemble Kalman filter, a finite ensemble of

model states is used to sample the probability density

(see Part 1). Thus, instead of working with theoretical

distributions, one can consider an ensemble contain-

ing any statistical information. Mardia (1970) pre-

sented various methods to extract statistical informa-

tion from a general sample or ensemble. Further,

Stephenson and Doblas-Reyes (2000) demonstrated

how some of these methods could be used to monitor

an evolving ensemble of meteorological forecast

fields. In this paper, we illustrate the relevance of these

methods for data assimilation, i.e. we show that by

using an ensemble-based assimilation technique, one

can obtain important information about the underlying

statistics. For example, the validity of calculating an

analysis based on the Gaussian part of the full prob-

ability distribution can be tested. Also, one can project

the ensemble to a one-, two-, or three-dimensional

space, i.e. to be able to visualize its evolution during

the sequential assimilation. The experiment from the

Part 1 paper will be used to illustrate the theory.

Although we are studying data assimilation in a bio-

chemical model, the methods should be of general

interest for the data assimilation community.

We start by discussing linear versus nonlinear

sequential estimation in Section 2. That is, we illus-

trate the fact that a data assimilation method may

become extremely complicated for strongly nonlinear

dynamics. Thus, the extension of the traditional
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sequential Kalman filter for linear dynamics to non-

linear problems is nontrivial. Then, the theory to

analyze an ensemble of states is outlined in Section

3, with application to the data assimilation experiment

from the Part 1 paper. To be more specific, Section 3

is subdivided as follows. A simple approach to project

the ensemble to a one-dimensional space is presented

in Section 3.1. Further, a theoretical discussion of the

covariances is given in Section 3.2, followed by a

method to interpret ensemble member distances in a

reduced space in Section 3.3. In Section 3.4, moment

measures of skewness and kurtosis are used to mon-

itor the degree of nonnormality of the ensemble.

Finally, a summary is given in Section 4.
2. Nonlinear estimation and Gaussian versus

non-Gaussian statistics

As in Part 1, let us define an n-dimensional vector

y(t)aRn, describing the state of the ocean at a

particular time t. For our biochemical model, it is

practical to let y contain all the discrete model

compartments, i.e. one realization of the entire space

discretized biochemical state. Note that a realization

of y represents a single point in state space PpRn. A

probability density function may be defined as

/ðyÞ ¼ dN

N
; ð1Þ

where dN is the number of points per volume incre-

ment and N is the number of points altogether. Thus,

/(y)dy is the probability of a realization of the state

located inside the volume element or n-ball dy around

the point y. Note that instead of working with a

theoretical distribution, one can represent it by defin-

ing a finite ensemble of model states (see Part 1).

For a linear model where the initial condition is

taken from a Gaussian distribution, the probability

density will remain Gaussian at any time (Jazwinski,

1970). Thus, in the linear case, one can find exact

expressions for the evolution of the mean and cova-

riance, and this approach is used in the standard

Kalman filter (KF) (e.g. Bennett, 1992). However,

note that a nonlinear model may cause the probability

density function to become non-Gaussian during

model evolution. In this case, a popular approach to
get a closed system of equations has been to discard

statistical moments of order three and higher in the

equation for the evolving covariance. However, this

approximation, which is used in the extended Kalman

filter (EKF), has been shown to be unrealistic in many

systems (see Part 1). Thus, the extension of the

Kalman filter to nonlinear problems is nontrivial.

Alternatively, one can integrate an ensemble of model

states (e.g. EnKF), which will describe the correct

statistics at any time in the limit of infinitely many

members. For more information about the differences

between KF, EKF and EnKF, please refer to Part 1.

At measurement times, the above methods all

calculate an analysis using only the Gaussian part of

the full probability density. Thus, the analysis will be

less relevant for highly non-Gaussian statistics. One

important property of ensemble-based methods is that

one can extract any statistical information from the

ensemble. For example, Mardia et al. (1979) intro-

duced multivariate measures of skewness (third-order

moment) and kurtosis (fourth-order moment), i.e.

indicating the degree of nonnormality of an ensemble.

In Section 3.4, we illustrate that this can be used as an

independent check on the assimilation, i.e. to study

the relevance of the EnKF analysis scheme.
3. Analyzing and monitoring the ensemble of model

states

In this section, we demonstrate that ensemble-based

methods can provide valuable information about the

underlying statistics, and that the data assimilation

experiments can be monitored in an effective way.

The general theory can be found in Mardia (1970) and

Mardia et al. (1979). Our work is also based on the

paper by Stephenson and Doblas-Reyes (2000), who

investigated an ensemble of 51 weather forecasts,

concentrating on the height of the 500-hPa geopoten-

tial surface; we mainly follow their notation.

As said in Section 2, the state vector, which

contains the 11 discrete biochemical variables, repre-

sents a single point in state space PpRn. It is not a

straightforward task to extract the most relevant

information from the huge amount of data in P. For

example, to visualize the ensemble of points, one will

have to make a projection of P to some one-, two- or

three- dimensional space.
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3.1. State vector averages

One simple approach is to consider some kind of

state vector average. For example, by taking the mean

value of a variable over a specific domain, one can

plot each ensemble member as a single point evolving

with time. For this to be a true domain average, it is

necessary to use the sizes of the grid cells as weights.

As an even simpler alternative, one can consider grid

point averages, which means that domains with a high

resolution contribute more to the mean. Note that a

state vector including several model variables makes it

practical to work with dimensionless scaled variables.

In this way, the contributions from different ecosys-

tem components are of the same order. For conven-

ience, we used scaled variables also when considering

the mean of a single component. Fig. 1 shows the

ensemble of averages of phytoplankton and nitrate

over the horizontal grid in the surface layer, using the

ensemble mean surface layer mean of each variable

after the first assimilation (at day 96) as scaling

factors. Thus, the ensemble mean of the grid averages

of the analysis estimate at day 96 are exactly 1, as

seen in the figure. As expected, it is observed that the

ensemble of grid averages spreads out during model

integration, while a convergence is seen at analysis

times (the EnKF analyses are at days 96, 106, 116,

126, 136 and 147). Note also that the phytoplankton

average ensemble experiences a higher degree of

convergence at analysis times than the nitrate ensem-

ble. This is also expected, since phytoplankton is the

observed (measured) variable of the multivariate sys-

tem. Further, the spread of both ensembles increases

for each integration cycle throughout the entire experi-

ment. This could indicate an unstable model. How-

ever, the duration of the experiment is very short and

covers only the early part of the spring bloom, which

is the most unstable period of the year for the

biochemical system. Thus, to study the stability of

the model, one would have to increase the time period

of the experiment, preferably to a year or more.

The use of domain averages or state vector aver-

ages are very simple, but not necessarily very reliable

indices of ensemble member distances in state space.

Important information is probably lost by averaging

each member into a single point in a reduced space.

For example, one has not taken into consideration

which directions represent the major axes of varia-
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bility in state space P, and different contributions

may cancel each other when taking the average. A

more thorough analysis is given in the following

sections.

3.2. Covariance matrices

In this section, two different covariance matrices

will be defined, one by averaging with respect to the

ensemble members, i.e. the covariance used in the

EnKF, and one by averaging with respect to the

control variables, respectively (see below). To reduce

the computational requirements, we only include a

single variable in the state vector. A general state

containing all the ecosystem components could be

used, but one should then define dimensionless

scaled variables. The following theory is based on

Mardia et al. (1979) and Stephenson and Doblas-

Reyes (2000).

Let i be an ensemble member counter and xi a

vector having one discrete model variable (one

ensemble member) as its components. For example,

let xi
T=(Pi,1,. . .,Pi,ng

), where P is phytoplankton and

the number of grid points ng = nxnynz. The theory will

be outlined using this state vector including phyto-

plankton only. However, the expressions should also

be valid for some other ecosystem variable, or even

for a general state vector containing all the (dimen-

sionless) compartments. In the discussion in the

following sections, it should be clear from the context

whether we are speaking about a general state or some

substate containing only one variable.

Since we are considering an ensemble of phyto-

plankton states in ‘‘phytoplankton state space’’ PP, it

is convenient to define a matrix X containing the

ensemble of phytoplankton states, i.e.

X ¼

xT1

]

xTnens

0
BBBB@

1
CCCCA ¼

P1;1
: : : P1;ng

] O ]

Pnens;1
: : : Pnens;ng

0
BBBB@

1
CCCCA; ð2Þ

where nens is the number of ensemble members. The

number of grid points is normally much larger than

the number of ensemble members, and X has there-

fore normally many more columns than rows.



Fig. 1. Grid point average (over horizontal grid in surface layer) of phytoplankton (top) and nitrate (bottom) for each ensemble member. The

large circles represent the ensemble mean for the forecast ensemble (open circle) and for the analysis ensemble (filled circle), respectively. Note

that dimensionless variables are assumed, using averages of the analyzed variables at day 96, i.e. over the ensemble and surface grid, as scaling

factors (see text).
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The center of mass of the cloud of points in state

space can be found by taking the average of the rows

of X, i.e.

x̄ ¼ 1

nens

Xnens
i¼1

xi: ð3Þ

Further, by defining deviations from the ensemble

mean, yi = xi� x̄, one can also form a matrix of

deviations,

YT ¼ ðy1; . . . ; ynensÞ ¼ XTG; ð4Þ

where G = I� (1/nens)1. Further, I is the identity

matrix and all elements of 1 are 1.

By averaging with respect to the ensemble mem-

bers, one can find estimates for covariances between

the different control variables in state space. In our

case, P1,. . .,Png
are the control variables, and an ng� ng

‘‘control variable’’ or ‘‘state space’’ covariance matrix

C (for phytoplankton) can be evaluated as follows:

C ¼ ðx� x̄Þðx� x̄ÞT ¼ 1

nens

Xnens
i¼1

yiy
T
i

¼ 1

nens
YTY ¼ 1

nens
XTGX; ð5Þ

where it has been used thatG =GTandGGT =G. Thus,

the state space covariance matrix can be expressed as

an outer product of Y with itself. An unbiased estimate

of the true covariance can be defined by dividing by

nens� 1 instead of nens, i.e.

Cu ¼
1

nens � 1
XTGX ¼ nens

nens � 1
C: ð6Þ

By averaging with respect to the control variables,

one can find an nens� nens ensemble covariance

matrix B (for phytoplankton), expressed as an inner

product of Y with itself (Stephenson and Doblas-

Reyes, 2000), i.e.

B ¼ 1

ng
YYT ¼ 1

ng
GXXTG: ð7Þ

The eigenvectors of C provide information about

how the state space is spanned by the ensemble cloud,
and about which spatial patterns contribute the most to

the second-order statistical moments. Further, the

eigenvectors of B provide information about which

ensemble members contribute most to the variance in

state space. Since the covariance matrices are sym-

metric, they must be orthogonally diagonalizable

(Anton, 1991). That is, if we let V be an orthogonal

matrix containing the eigenvectors of C as columns,

the covariance can be diagonalized as (Stephenson

and Doblas-Reyes, 2000)

VTCV ¼ 1

nens
DC ¼ 1

nens
ð8Þ

where DC is a diagonal matrix having the eigenvalues

of nensC on the diagonal, and � is zero except on the

diagonal containing the square root of the eigenvalues

of nensC. The diagonal matrix DC is nng� nng, while

� is nens� nng, respectively. In a similar manner, the

matrix B can be diagonalized as

UTBU ¼ 1

nng
DB ¼ 1

nng
ð9Þ

where DB contains the eigenvalues of nngB and U

have the eigenvectors of B as columns, respectively.

Note that �T� and ��T have the same leading

values on the diagonal, and therefore the two matrices

nensC and nngB share the same leading eigenvalues.

The matrix YTY is a symmetric matrix. Further, it

must be positive semidefinite, since for some vector a,

aT(YTY)a=(Ya)T(Ya)z 0, thus its eigenvalues must

be nonnegative. A singular value decomposition of Y

can be written as (Kincaid and Cheney, 1991; Ste-

phenson and Doblas-Reyes, 2000)

Y ¼ U VT; ð10Þ

where the diagonal matrix � contains the singular

values of Y, which are defined to be the square roots

of the (nonnegative) eigenvalues of YTY.

The effective dimensionality of the ensemble is

given by the rank of Y, which is bounded from above

by min(nens,nng) and typically equal to nens. If

rank(Y) < nens, some members can be removed from

the ensemble without any loss of information on the

second-order moment (they must be chosen such that

rank(Y) remains constant).

�
T
�,

��
T
,

�
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For later use, the eigenvalue spectrum of B is shown

in Fig. 2. As discussed in Part 1, an initial ensemble

was generated at day 60 by perturbing the layer

interfaces in the model. Thus, an ensemble of identical

biochemical states is generated initially, but the mem-

bers take different paths during model integration due

to the perturbed layers. A consequence is that B is

singular at day 60 with one eigenvalue accounting for

all the variance (not shown in the figure). It can be

observed from Fig. 2 that the largest eigenvalues seem

to be less dominant for the EnKF analysis ensemble

than the forecast ensemble. This is expected, since the

members of the former probably are closer. Note also

that the largest eigenvalue of the forecast spectrum

seems to become more dominant with time.

3.3. Multidimensional scaling

A map marking the relative positions of the ensem-

ble members could be very useful for interpreting
Fig. 2. The evolution of the eigenvalues of B (open circles are used for

respectively). Initially at day 60, all ensemble members are identical, and th

text for more information. Note that the first assimilation is at day 96.
ensemble member distances. However, it is problem-

atic to visualize such a map for more than three

dimensions, i.e. some kind of projection must be

implemented.

One simple method to view an ensemble in a

reduced space is to use some kind of area or grid

averaging (see Section 3.1). However, such an

approach does not necessarily provide very accurate

estimates of the relative positions, and more optimal

methods should be searched for.

Multidimensional scaling (MDS) provides a very

useful approach for projecting an ensemble of nens
points onto a reduced one-, two- or three-dimensional

space, which can be drawn on a flat piece of paper

(Mardia et al., 1979; Stephenson and Doblas-Reyes,

2000). To be more specific, MDS is concerned with

the problem of finding an optimal configuration of

nens points in q-dimensional space, based on infor-

mation of the distances between the elements in p-

dimensional space. Thus, it can be used to monitor
the forecast spectrums and filled circles for the analysis spectrums,

ere is one eigenvalue (not shown) accounting for all the variance, see
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the evolution of the ensemble member distances in

one, two or three dimensions. Note that the solution

produced by any MDS method is indeterminate with

respect to reflection, rotation and translation. For

Euclidean distances, the classical solution in q dimen-

sions is given by the q leading principal coordinates

of X (Mardia et al., 1979). For ensemble member i,

they are given by (Stephenson and Doblas-Reyes,

2000)

pqðiÞ ¼

r1Ui;1

]

rqUi;q

0
BBBB@

1
CCCCA; ð11Þ

where ri are the singular values of Y and Ui,l is the

ith element of the lth leading eigenvector of B. Thus,

for plotting the nens size ensemble in two dimensions

( q = 2), the ith ensemble member have the coordi-

nates (r1Ui,1,r2Ui,2). If we let D be a matrix con-

taining the distances between the ensemble members,

then D is Euclidean if and only if the corresponding

centered inner product matrix (B) is positive semi-

definite (Mardia et al., 1979). For some vector a, we

have aTYYTa=(YTa)T(YTa)z 0, which means that B

satisfies the positive semidefiniteness property. Note

that the classical solution for Euclidean distances is

an optimal projection, i.e. it is the best representation

of the true distances in state space. Further, for

Euclidean distances, the principal coordinates are

proportional to the principal components of the state

space covariance. However, the solutions are not

simply related for non-Euclidean metrics (Stephenson

and Doblas-Reyes, 2000). Finally, it should be men-

tioned that the ensemble mean will always be pro-

jected onto the origin in the reduced space. For a

general and detailed description of multidimensional

scaling, please refer to Mardia et al. (1979).

A two-dimensional map will be based on the two

leading singular values of Y (or equivalently the

square root of the eigenvalues of nngB). From Fig.

2, it is seen that the two first eigenvalues of B

account for about 13–26% of the total variance for

the forecast spectrums and about 6–14% for the

analysis spectrums, respectively. This means that a

two-dimensional projection will be quite approxima-

tive. To improve the precision, one could use the first
three principal coordinates in a three-dimensional

plot. Also, one could study pairs (or triples) of

principal coordinates simultaneously, i.e. in different

directions.

The two first principal coordinates for each of the

100 members of the forecast ensemble at day 96 are

shown in Fig. 3. By marking each member using a

unique number, it is easy to follow the evolution of a

specific member during an experiment. This also

allows for identification of outliers, which one may

want to study in more detail. An outlier should not be

removed from the ensemble unless it contains an

unacceptable state, e.g. negative biochemical concen-

trations, quantities diverging to infinity, and so on.

The evolution of the principal coordinates are

shown in Figs. 4 and 5; the forecast ensemble is

shown in the left plots and the analysis ensemble in

the right, respectively. As explained in Part 1, an ini-

tial ensemble was generated by perturbing the (phys-

ical) layer interfaces at day 60, and the ensemble of

initially identical biochemical states spreads out dur-

ing model integration due to the individual layer dis-

tributions.

The evolution of the principal coordinates is as

expected. It is seen that the ensemble spreads out

during model integration, while it experiences a

contraction during each ensemble Kalman filter anal-

ysis. As for the grid point averages in Section 3.1, it

is seen that the forecast ensemble spread increases

during the entire experiment. This must be expected,

since our simulation only covers the early part of the

spring bloom. Thus, this should be further investi-

gated in a long-term experiment. Another observation

is that the ensemble seems essentially Gaussian

throughout the experiment, although the analysis at

days 106 and 126 indicates some degree of skew-

ness. Remember that only the two largest singular

values are included for calculating the two-dimen-

sional projection, and more reliable tests of multi-

variate skewness and kurtosis should be searched for.

This will be further investigated in the next section.

Outliers can have a large effect on the ensemble

mean, which always is projected onto the origin. For

example, in the analysis ensemble at day 136, the

two outliers in the top left quadrant must be balanced

by a number of other members. An interesting

pattern is also seen in the analysis ensemble for

day 116.



Fig. 3. The principal coordinates of the forecast ensemble members at day 96. Each member is marked by a unique number from 1 to 100.
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3.4. Higher-order statistical moments

Even though the ensemble may be described by

nonnormal statistics, only the Gaussian part is used in

the EnKF analysis. Thus, if the true errors are domi-

nated by statisticalmoments of order three or higher, the

analysis estimate will not be optimal. In an ensemble-

basedmethod, the full probability density is sampled by

a finite ensemble, which contains information about

any statistical quantity. As shown below, this allows us

to find estimates for the degree of nonnormality of an

ensemble, and thus monitor the validity of performing

the analysis based on only the Gaussian part of it.
Some simple measures of multivariate skewness

and kurtosis (flatness) can be written as (Mardia,

1970; Mardia et al., 1979)

bskew ¼ 1

n2ens

Xnens
k¼1

Xnens
l¼1

g3kl ð12Þ

bkurt ¼
1

nens

Xnens
k¼1

g2kk ; ð13Þ

where

gkl ¼ ðxk � x̄ÞTC�1ðxl � x̄Þ ¼ yTkC
�1yl: ð14Þ



Fig. 4. Principal coordinates for the forecast ensemble (left) and for the analysis ensemble (right) at day 96 (top), day 106 (middle) and day 116

(bottom). Note the different scales on the left and right plots.
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Fig. 5. Principal coordinates for the forecast ensemble (left) and for the analysis ensemble (right) at day 126 (top), day 136 (middle) and day 147

(bottom). Note the different scales on the left and right plots.
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These measures are consistent with standard measures

of univariate skewness and kurtosis, and they are in-

variant under linear transformations. Statistical mo-

ments up to order three are included in bskew, while
Fig. 6. Measures of multivariate skewness bskew( q) and kurtosis bkurt( q)

( q= 5). Asymptotic 95% confidence limits are shown as dashed lines.
moments up to order four, excluding the order threemo-

ments, areused in the estimatebkurt (Mardia et al., 1979).

Mardia (1970) showed that for a multinormal dis-

tribution (i.e. assuming infinitely many ensemble
� q( q+ 2), including the five largest eigenvalues of the spectrum
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members), population skewness and kurtosis can be

written as

bskew;p ¼ 0; ð15Þ

bkurt;p ¼ pðpþ 1Þ; ð16Þ

where p is the number of control variables. Further,

assuming that nens ensemble members are extracted

from a multinormal distribution, Mardia (1970) found

that as nens!l,

bskewf
6

nens
v2f ; ð17Þ

bkurt � pðpþ 2Þf

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8pðpþ 2Þ

nens

s
Nð0; 1Þ; ð18Þ

where vf
2 is the chi-squared distribution with

f = p( p+ 1)( p + 2)/6 degrees of freedom and N(0,1)

is a standard normal distribution with mean 0 and

variance equal to 1.

Stephenson and Doblas-Reyes (2000) estimated

bskew( q) and bkurt( q) for the leading q principal

components by introducing the rank q pseudo-inverse

C� q of the ensemble covariance C, i.e.

gklcyTkC
�qyl ¼ nens

Xq
i¼1

Ui;kUi;l: ð19Þ

To conclude, large deviations of the sample meas-

ures bskew( q) and bkurt( q)� q( q + 2) from zero can be

used as an indication of nonnormality, and confidence

limits for the null hypothesis of normality can be

found from Eqs. (17) and (18) with p = q.

Fig. 6 shows the evolution of bskew(5) and

bkurt (5)–35. Note that for q = 5, we have f = 35, and

the 95% confidence limit of v35
2 is 49.802. Using Eq.

(17), this gives an asymptotic confidence limit of

2.988 for bskew(5). Similarly, the standard normal

distribution N(0,1) has a 95% confidence limit of

1.960, resulting in an asymptotic confidence limit of

3.280 for bkurt(5)–35.

The measure of skewness includes variations out-

side the asymptotic 95% confidence limit expected for

normally distributed data (only 5% should be out of

bound for a normal distribution). However, the devia-

tions are moderate, indicating a weakly skewed
ensemble. The skewness may be a result of nonlinear

evolution, or it may simply be due to sampling. Also,

we only allow for positive biochemical concentra-

tions, e.g. negative values are set to zero after the

analysis, and the lower end of the distribution is

therefore truncated. Note that the duration of our

experiment is relatively short, and it would be very

interesting to observe possible systematic trends in a

long-term experiment.

The estimate of kurtosis is consistent with a normal

distribution at 95% confidence for most of the time;

only for the forecast ensemble at day 147, bkurt( q)�
q( q + 2) is significant, indicating a weakly flat en-

semble. Again, it would be interesting to investigate

the evolution of the kurtosis in a long-term experi-

ment.

From Fig. 2, it is seen that the first five eigenval-

ues, which are included in the calculations for the

moment measures, account for about 26–40% of the

total variance for the forecast spectra, and about 14–

23% for the analysis spectra, respectively. To inves-

tigate the sensitivity with respect to the cutoff of the

eigenvalue spectrum, we also estimated the skewness

and kurtosis for q = 10. The results were very similar

to those in Fig. 6.
4. Summary

In the Part 1 paper, we investigated an advanced

data assimilation method, the ensemble Kalman filter,

with a three-dimensional biochemical model of the

North Atlantic, utilizing chlorophyll data from the

SeaWiFS ocean colour sensor. A simple experiment

for April and May 1998 with data assimilation every

10th day was presented, with some additional sensi-

tivity tests at the first assimilation time at day 96. It

was shown that the ensemble Kalman filter was able

to provide estimates of phytoplankton consistent with

the data, and that the multivariate analysis also

affected the other model variables. Further, it was

seen that the variance of each variable decreased

during the assimilation.

The extension of the traditional Kalman filter for

linear dynamics to methods appropriate for nonlinear

systems is nontrivial. While an initially Gaussian field

remains Gaussian during linear evolution, higher-

order moments may develop for nonlinear processes.
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An important property of ensemble-based methods is

that one can monitor various statistical properties.

Any statistical information can be extracted from the

ensemble, which means that one can test the validity

of any hypothesis about the error statistics (see

below).

One simple approach to monitor the evolution of

the ensemble, is to use some kind of state vector

average. For example, we calculated grid point aver-

ages for each variable in the surface layer, and plots of

phytoplankton and nitrate were shown. As expected,

the ensemble of averages spreads out during model

integration, while it converges during an ensemble

Kalman filter analysis (see Fig. 1). Further, the phy-

toplankton ensemble experiences a higher degree of

convergence than the nitrate ensemble, which is

expected since phytoplankton is the measured variable

of the multivariate system. To conclude, some kind of

state variable average may be a useful first approach

for monitoring an ensemble. However, important

information is probably lost by taking the mean, and

more optimal methods should be used for a thorough

analysis.

Multidimensional scaling (MDS) is a powerful

method to interpret ensemble member distances in

some reduced space. For Euclidean distances, the

classical solution, which is given by plotting the q

leading principal coordinates of the data matrix X, is

optimal. The quality of the projection will be depend-

ent on the dominance of the first q eigenvalues. In our

two-dimensional projections, the two first eigenvalues

accounted for about 13–26% of the total variance for

the forecast spectrums and about 6–14% for the

analysis spectrums, which means that the projected

distances are quite approximative. (However, one

could increase the precicion by considering three-

dimensional projections, or by studying pairs or

triples of principal coordinates.) As for the state

variable averages, the principal coordinates experi-

enced a divergence during model integration and a

convergence during each ensemble Kalman filter

analysis. In fact, the spread of the forecast ensemble

increased throughout the experiment, which could

indicate an unstable model. However, the experiment

only included the early part of the spring bloom,

which is the most unstable period of the year for the

biochemical system. It should also be mentioned that

by marking each member by a unique number, one
can follow it throughout the simulation. Also, outliers

can be identified and studied in detail.

Ensemble-based methods can provide information

about any statistical moment. For example, multi-

variate estimates of skewness and kurtosis (flatness)

can be found, and simple criteria exist to determine

the relevance of these. Thus, one can evaluate the

hypothesis of normally distributed data. In our experi-

ment, the evolution of the skewness included varia-

tions outside the 95% confidence limit expected for a

Gaussian ensemble. However, the deviations were not

large, indicating weakly skewed data. The kurtosis

was consistent with a Gaussian distribution at 95%

confidence for most of the time, only the last forecast

ensemble seemed to be weakly flat. To conclude,

measures of ensemble skewness and kurtosis provide

information about the third- and fourth-order

moments of the ensemble, indicating the degree of

nonnormality. Minimum variance estimators (or esti-

mators assuming normally distributed errors) are

commonly used to assimilate data into nonlinear

ocean models, and monitoring the long-term evolution

of skewness and kurtosis should be done routinely in

order to verify that the hypothesis of Gaussian error

fields is valid at all analysis times. For our biochem-

ical model, where the moment measures indicated a

weakly skew ensemble with flatness consistent with a

normal distribution (but weakly flat at the final time),

it should be appropriate to use the ensemble Kalman

filter for the assimilation.
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