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A MULTISCALE DATA ASSIMILATION
WITH THE ENSEMBLE KALMAN FILTER∗
YU ZOU† AND ROGER GHANEM†
Abstract. In this paper, a multiscale data assimilation approach is constructed to evaluate
boundary conditions for particle ﬂuxes in numerical simulations of particle transport problems. An
adaptation of the ensemble Kalman ﬁltering (EnKF) method is used as the engine for estimation and
ﬁltering across scales. To implement this multiscale approach, a multiscale bridging model, which can
predict the particle ﬂuxes across arbitrary spatial intervals in any scale, is developed by considering
particles undergoing transverse random walk emitted along a continuous boundary corresponding
to the ﬁnest scale. In the model, particle ﬂuxes across one scale are taken as the parameter set
which is used to determine ﬂuxes across another scale. The signiﬁcance of this multiscale model is
demonstrated through an example. Ensembles of Gaussian random processes of particle ﬂuxes along
the boundary are generated as the microscale model state according to a speciﬁed a priori information
on the error covariance or spectral density functions. Measurements of particle quantities are taken
at macroscale locations above the boundary and assimilated with model predictions to update the
micro- and macroscale particle ﬂuxes using the inverse analysis scheme of the multiscale EnKF
approach. The updated random macroscale ﬂuxes can be used as consistent boundary conditions for
numerical simulations, such as large eddy simulation.
Key words. Kalman ﬁlter, multiscale data assimilation, probabilistic models
AMS subject classiﬁcations. 70G60, 37H10, 76R50, 76F65
DOI. 10.1137/030601168

1. Introduction. Large eddy simulation (LES) has been the subject of significant research recently, in particular with regard to its applications in meteorology,
hydrodynamics, and environmental turbulent ﬂows [10, 12, 14]. An interesting feature
of this class of methods is its suitability for linking with Lagrangian or Eulerian models of particle transport, allowing one to characterize not only the evolution of particle
trajectories but also their dispersions and diﬀusivities [18, 13]. A challenge in linking
LES to particle transport models relates to the proper speciﬁcation of the particle ﬂux
along the boundary of the LES computational domain. A number of eﬀorts for treating this problem have been proposed. Boundary conditions, such as elastic collisions
and absorptions, have been introduced in LES simulations of particle-laden turbulent channel ﬂows [18, 13], while boundary conditions on the particle concentration
have been used, for instance, in the simulation of particle motions in the atmospheric
boundary layer over a canopy of forest [5]. Neither of these conditions captures the
random and dynamic character of the particle ﬂuxes emitted from boundaries with
arbitrary proﬁles. Ignoring the source mechanism of these particles and the randomness in their spatio-temporal evolution may signiﬁcantly diminish the reliability of
their predicted fate.
The correct representation of the dynamics of the boundary conditions is essentially an inverse problem which involves the assimilation of observables at the coarse
scale to estimate sources at the ﬁner scale. At the core of this inverse problem is a
model for the dynamics in each of the interacting scales and a model for transitioning
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information between them. This latter model, referred to as a bridging model, is
typically a statement of some conservation law formulated in a multiscale context.
The probabilistic characterization of the ﬁne-scale sources requires additional care
in formulating the inverse problem. In particular, a probabilistic bridging model is
now called upon to transfer probabilistic information across adjacent scales. In the
present paper, a probabilistic mass conservation law is formulated and used that,
while conserving mass globally, redistributes it locally according to some probabilistic
law that is consistent with the prevailing physics.
Given the multiscale context of the class of problems of interest here, the geometry of the coarse scale appears, locally, as ﬂat relative to the ﬁne-scale dynamics. A
canonical form of the problem can, therefore, be stated in terms of a ﬁne-scale boundary of irregular geometry communicating, through a probabilistic bridging model,
with a ﬂat coarse-scale boundary. The ensemble Kalman ﬁlter approach is adopted,
in conjunction with this bridging model, to assimilate information observed on the
ﬂat coarse-scale boundary into a probabilistic characterization of data at the ﬁne
scale.
The sequential data assimilation into models of dynamical systems originated
from the standard Kalman ﬁlter (KF) [7, 8] for linear dynamic systems, which was
subsequently generalized to treat nonlinear dynamical systems, in the form of the extended Kalman ﬁlter (EKF) [2, 6] and ensemble Kalman ﬁlter (EnKF) [1, 11, 17].
However, the EnKF gradually superseded the EKF due to its success in dealing
with strongly nonlinear systems [3]. Moreover, the state error covariance matrix
is never explicitly needed in the EnKF, as all error information is contained in the
ensemble, which greatly reduces the computation load. Due to its advantages over
other Kalman ﬁltering methods, the EnKF is adopted in this paper to retrieve forecasts from the multiscale prediction for particle ﬂuxes, and the updated particle
ﬂuxes in the macroscales are used to generate boundary conditions for numerical
simulations.
This paper provides a bridging model to predict particle ﬂuxes across an imaginary
boundary for particles initially located on the ﬁner-scale irregular boundary. This
boundary represents a gateway to the coarse scale. The proposed bridging model,
based on the assumption that particles move upward noninteractively with a Brownian
motion in the transverse direction and the irregular boundary is absorbing, consists
of ﬁrst computing the probability of particles arriving at large-scale intervals from
small-scale positions and then using the Monte Carlo simulation and the multinomial
distribution to generate random particle ﬂuxes in the large-scale ﬂat boundary from
those in the small-scale irregular boundary. The bridging model, along with the
speciﬁed evolution model for ﬂuxes in the original boundary, can be embedded in the
multiscale data assimilation approach to provide estimation of true particle ﬂuxes in
the ﬂat boundary and irregular boundary, respectively.
The speciﬁc dynamics associated with each of the ﬁne and coarse scales are purposefully selected to be simple in order to highlight the associated methodology relevant to the EnKF assimilation procedure. Extensions to more complex evolution
models at either scale can be readily developed and implemented once a meaningful
bridging model has been identiﬁed. A procedure for that task, similar to the one
developed here, could potentially be extended to more complex systems.
The next section of the paper presents the formulation of multiscale data assimilation using the EnKF. The multiscale bridging model for the prediction of boundary
particle ﬂuxes is presented in sections 3 and 4, respectively. Numerical results are
shown in section 5 and conclusions presented in section 6.
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2. General formulation for multiscale data assimilation using the
EnKF. In engineering problems, diﬀerent dynamical system models are usually used
to describe phenomena in diﬀerent scales. Two broad classes of problems typically
present themselves in the context of multiscale data assimilation. In the ﬁrst class,
measurements are collected at a number of scales and used to update the state for
each of these scales independently. In the second class of problems, measurements
made at one scale can be made to bear on the predicted evolution of other scales.
These two cases are treated separately in the next two subsections.
2.1. Data assimilation with uncoupled scales. The model state in each
scale can be updated if the explicit system model and observation are available at
that scale. Speciﬁcally, let the explicit discrete system models for diﬀerent scales be
given by
(2.1)

m ∈ Rn ,

ms,k+1 = Ls (ms,k ),

where ms,k (x) represents the model state vector in scale s at time k, Ls (·) is either
a deterministic or a stochastic isomorphism on Rn , and observation models are given
by
(2.2)

zs,k+1 = Hs (ms,k+1 ) + vs,k+1 ,

z ∈ Rl ,

v ∈ Rl ,

where zs,k+1 is the observation in scale s at time k + 1, Hs (·) : Rn → Rl is either
a linear or a nonlinear deterministic operator, and vs,k+1 is usually a temporally
independent Gaussian random vector with zero mean. Then the ensemble Kalman
ﬁltering method can be applied to these models to obtain the updated model state.
Accordingly, the conditional ensemble mean is taken as the Bayesian estimate of the
model state, and the conditional covariance matrix around the mean is the error
covariance for the estimate. Hence, based on the initial estimate for the state ms,0
and error covariance matrix, initial ensembles for the model states are generated,
which are denoted by mrs,0 , r = 1, . . . , Ne , where Ne is the ensemble size.
In the forecast step, a predicted value of ms,k+1 associated with the rth realization
in the ensemble is obtained as
(2.3)

mrs,k+1|k = Ls (mrs,k ),

r = 1, . . . , Ne ,

with a corresponding predicted value for the observation given by
(2.4)

hrs,k+1|k = Hs (mrs,k+1|k ),

r = 1, . . . , Ne .

The Kalman gain matrix can then be derived as [11]
(2.5)

Ks,k+1 = Cmh (Chh + Cvv )−1 ,

where Cmh , Chh , and Cvv are covariance matrices calculated over the ensemble of
ms,k+1|k , hs,k+1|k , and vk+1 , respectively. In the ﬁltering step, each member of the
statistical ensemble of ms,k+1 is updated according to
(2.6)

r
mrs,k+1 = mrs,k+1|k + Ks,k+1 (zs,k+1
− hrs,k+1|k ),

r
where zs,k+1
is formed as follows [17]:

(2.7)

r
r
zs,k+1
= zs,k+1 + vs,k+1
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Fig. 2.1. Multiscale EnKF data assimilation with models and observations given in all scales.

and can be interpreted as the rth member from a statistical ensemble of observations
with mean equal to the physical observation zs,k+1 at time k+1. Moreover, in addition
r
to being temporally independent, the vector vs,k+1
representing the observation model
error is assumed to have a diagonal covariance matrix. The data assimilation in this
case can be illustrated by Figure 2.1, where the present scheme, in which information
at a given scale is assimilated only by states at that scale, yields predictions and
updating in diﬀerent scales that are actually independent of each other.
2.2. Data assimilation with interscale coupling. In many cases of interest,
however, the explicit system model and observation may not be available simultaneously at some scales. In these cases, the model state at some scale of interest may
still need to be updated by measurements from some other scale. This is actually a
problem of inverse analysis if the state of the model associated with the informationrich scale is used to determine the state of a model associated with a coarser scale. In
this case, multiscale bridging models that are used to relate model states associated
with diﬀerent scales are clearly needed. These are developed in the next section. For
now, suppose the bridging model between two adjacent scales, s and s + 1, is given
by
ms+1,k = Fs+1,s (ms,k ).

(2.8)

Combined with (2.1), an augmented equation is written as

ms+1,k+1 = Fs+1,s (Ls (ms,k )),
(2.9)
ms,k+1 = Ls (ms,k ),
which can be rewritten as
(2.10)

Ms,k+1 = L∗s (ms,k ),

where


Ms,k+1 =


ms+1,k+1
.
ms,k+1

Together with the rewritten form of (2.2),
(2.11)

∗
∗
zs+1,k+1 = Hs+1
(Ms,k+1 ) + vs+1,k+1
,

the updated model state ms,k+1 can be obtained by the aforementioned EnKF procedures using the coarser-scale measurement zs+1,k+1 . The coarser-scale model state
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Fig. 2.2. Multiscale EnKF data assimilation with observations or explicit models absent in
some scales.
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Fig. 2.3. Particle source in a one-dimensional continuous boundary and measurements in
diﬀerent scales.

ms+1,k+1 is also updated at the same time, which means that the model state in a
given scale can still be updated even if the system model is not explicitly observable
at that scale.
If a measurement of an even coarser scale, zs+2,k+1 , can be observed, the updated
model state in scale s + 1, ms+1,k+1 , can be taken as the predicted model state,
ms+1,k+1|k , in that scale and the EnKF used to compute a newly updated ms+1,k+1
based on zs+2,k+1 . The model state in scale s + 2 is also updated in this procedure.
Notice that when the model state ms+1,k+1 updated by zs+1,k+1 is taken as the
predicted state, ms+1,k+1|k , waiting for the updating of zs+2,k+1 , ms+1,k+1|k can
be viewed as a forecast obtained from ms+1,k by a more accurate system model in
scale s + 1, which is obtained by calibration of the measurement zs+1,k+1 but which
cannot be explicitly expressed. Following this idea, model states in diﬀerent scales
can be updated for the cases that the observations are not available in some scales
but the explicit or implicit system models in these scales are known and observations
at the coarser scale are available. This procedure is also valuable for cases where
system models are not explicitly available in some scales but the measurements in
these scales are accessible and explicit or implicit system models at the ﬁner scale are
known. The multiscale EnKF data assimilation in these cases can thus be illustrated
by Figure 2.2.
To estimate the particle ﬂuxes in diﬀerent scales above a boundary, particle ﬂuxes
can be taken as the model state, ms,k , and the lowest-scale evolution model for m1,k
needs to be speciﬁed. Instruments are laid out at intervals in coarser scales to measure
the ﬂuxes of particles across these intervals, as illustrated in Figure 2.3. Using the
multiscale EnKF data assimilation approach described above, measurements from
these instruments are assimilated with the model predictions to obtain the estimates
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of ﬂuxes in diﬀerent scales.
The above analysis indicates that the multiscale bridging model is very important
for the implementation of the multiscale EnKF data assimilation method. Therefore,
in order to apply this approach to estimate the boundary particle ﬂuxes, a bridging
model has to be devised to relate ﬂuxes in diﬀerent scales above the boundary. This
is achieved in the following two sections.
3. Probabilistic model for typical boundaries emitting particles with
transverse random walk. Suppose that there are point sources along a continuous
boundary and particles are emitted from the sources in the upward vertical direction,
as illustrated in Figure 2.3. The particle ﬂuxes form a random process, which obeys
speciﬁed statistics over space and time. Each particle has a constant velocity V and
moves with random walk in the transverse direction. The dynamic interaction between
particles is assumed negligible, and the particle ﬂow is assumed to be in a steady state.
With these assumptions, and neglecting gravity, the equations governing the motion
of particles in the horizontal and vertical directions are given by
(3.1)

dx = Ddw,

(3.2)

y = V t + y0 ,

where D is the diﬀusion coeﬃcient of particles, w(t) a Wiener process [4], and y0 the
initial position of particles in the y-direction. Here the particle velocity in the vertical
direction is assumed to be much greater than the diﬀusion eﬀect of Brownian motion
in that direction. Thus, Brownian motion in the y-direction is neglected.
The Fokker–Planck equation for the stochastic diﬀerential equation (3.1) can be
stated as [16]
∂p
D2 ∂ 2 p
,
=
∂t
2 ∂x2
where p(x, t) is the probability density function (p.d.f.) of a particle existing at location x at time t. The above equation can be written in the following form when (3.2)
is considered:
∂p
D2 ∂ 2 p
(3.4)
.
=
∂y
2V ∂x2
(3.3)

This equation can be used to calculate the probability of a particle across a
transverse length interval (xj−1 , xj ) at a ﬁxed distance h above a source at ai in a plain
boundary. This quantity is a building block in the multiscale approach for calculating
particle ﬂuxes in diﬀerent scales. Its functional form depends on the speciﬁc boundary
conditions imposed on the particle ﬂuxes. In particular, three types of such boundary
conditions are considered next, as they aﬀect the upward migration of particles.
Case 1. The plain boundary without vertical barriers (Figure 3.1).
Given the initial condition p(x, 0) = δ(x − ai ), the solution of (3.4) is expressed
as [9]
(3.5)

p0 (x, y) =

(x−ai )2
1
− 2D2 y/V
e
.
(2πD2 y/V )1/2

Therefore, the probability that the particle falls within the length interval
(xj−1 , xj ) at h can be obtained as
 xj
 xj −ai
2
1
− 2D2xh/V
P0 (i, j, h) =
(3.6)
p0 (x, h)dx =
e
dx.
2
1/2
xj−1
xj−1 −ai (2πD h/V )
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Fig. 3.1. The plain boundary without vertical barriers.
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Fig. 3.2. The plain boundary with one vertical barrier.
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Fig. 3.3. The plain boundary with two vertical barriers.

Case 2. The plain boundary with a one-sided vertical absorbing barrier (Figure 3.2).
If a vertical absorbing barrier exists at the location Lb in the boundary, a boundary
condition for (3.4) of the form p(Lb , y) = 0 must be added to the initial condition,
and the solution is therefore given by [9]
(3.7)

p1 (x, y) = p0 (x, y) − p0 (2Lb − x, y),

and
(3.8)



x ≥ Lb ,

ai ≥ Lb ,

xj

P1 (i, j, h) =

p1 (x, h)dx,
xj−1

where xj−1 , xj > Lb .
Case 3. The plain boundary with two-sided vertical absorbing barriers (Figure 3.3).
In the case where two vertical absorbing barriers exist at both sides of a point
source, the boundary conditions change to p(0, y) = 0 and p(Lb , y) = 0. The solution
is obtained by the classical method of separation of variables [9], resulting in




∞
2 n2 π 2 y

nπx − D
2
nπai
2
p2 (x, y) =
sin
e 2V Lb
(3.9)
sin
L
L
L
b
b
b
n=1
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and



xj

p2 (x, h)dx

P2 (i, j, h) =
(3.10)

xj−1
∞


2
=−
sin
nπ
n=1



nπai
Lb



2 n2 π 2 h
L2
b

−D
2V

e


cos

nπx
Lb

 xj




,

xj−1

where 0 < xj−1 , xj < Lb .
4. Multiscale bridging model for particle ﬂuxes in boundaries with
arbitrary proﬁles. In most problems of interest, boundary proﬁles, while diﬀerent
from the three standard conditions considered in the previous section, can be recovered
from them through a limiting process as presented in this section. Also, while the
present investigation is limited to the one-dimensional case (Figure 2.3), it can be
readily generalized to two-dimensional surfaces.
Similarly to the above analysis, particles are assumed to be emitted vertically from
the boundary and reaching their steady state almost instantly. Moreover, boundaries
are assumed to be absorbing; i.e., particles contacting the boundary during their motion have a zero probability of reentering the ﬂow. Based on these assumptions the
absorbed particles incoming from the above domain are independent from the particles emitted from the boundary. These emitted particles do not represent reﬂected
incoming particles but are rather released by some speciﬁc source, such as vegetation
along the boundary. The p.d.f. for the position of a particle emitted from a source at
location a along the boundary can be computed as the solution to
(4.1)

∂p
D2 ∂ 2 p
,
=
∂y
2V ∂x2

p(x, g(x)) = δ(x − a),

where y = g(x) is the function representing the boundary shape and (a, g(a)) is the
coordinate of the point source.
The above model is actually a typical moving-boundary problem for the diﬀusion
equation. To solve this problem, a multiscale approach is developed that relies on the
results from the previous section.
Since the boundary possesses an arbitrary proﬁle, to calculate the probability of
particles from a point source arriving at a coarser-scale interval, the boundary is discretized using a structured mesh, and particles are assumed to be released from the
point in the meshed boundary which has the same x-coordinate as the original point,
as shown in Figure 4.1. The meshed boundary is chosen such that for the descending (respectively, ascending) part of the true boundary, the right-end (respectively,
left-end) points of its horizontal segments are the nearest mesh grids below the true
boundary. It is noted that only the case where particles are released from a point
inside the ﬂat part of the boundary is indicated in Figure 4.1. This is justiﬁed later in
this section. The meshed boundary can be viewed as enveloping a hierarchy of virtual
boundaries with increasing ﬂatness. Each virtual boundary comprises a meshed lower
side and two adjacent walls whose horizontal segments are meshed. These virtual
boundaries play the role of intermediate scales necessitated by the numerical propagation of observables from the microscale (lowermost boundary) to the macroscale
(uppermost boundary). Since particle ﬂuxes cross only the bottom of each of these
intermediate scales, they each can be represented by its meshed lower side. In the
following, the word scale will refer to the meshed lower side of each intermediate scale,
while the lower and upper bounds of the meshed domain will be referred to as the
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Fig. 4.1. Illustration for discretization and diﬀerent scales.

microscale and macroscale, respectively. As the mesh size decreases, the macroscale
and microscale gradually approach the true upper and lower bounds, and the meshed
boundary approaches the true boundary.
The probability of a particle reaching any given interval in a coarse scale is obtained from those probabilities at the adjacent smaller scale, using the results in
section 3. Speciﬁcally, consider the meshed boundary shape shown in Figure 4.1.
Let the probability of a particle crossing interval i at scale 1 be denoted by ρ1i ,
i = 1, 2, . . . , n1 , where n1 is the number of mesh cells at scale 1, and let the vector [ρ1 ]
be given by
(4.2)

[ρ1 ] = [ 0, . . . , 0, ρ11 , . . . , ρ1n1 , 0, . . . , 0 ]T ,


s1 0’s

s2 0’s

where s1 and s2 are the numbers of extruding mesh cells, to the left and to the right,
respectively, at scale 2 beyond the projection of scale 1 on scale 2. If n2 denotes the
numbers of mesh cells at scale 2, then, clearly, n2 = n1 + s1 + s2 .
Consequently, assuming that the probability of a particle crossing any given cell
in the spatial partition of scale 1 is accumulated at the midpoint of this cell, the
probability of a particle crossing any of the n2 intervals at scale 2 can be obtained as
(4.3)

[ρ2 ] = [M ]T [ρ1 ],

where [ρ2 ] is a vector formed by ρ2j , j = 1, 2, . . . , n2 , and the component of [M ],
[M ]ij = P2 (i, j, h), where h denotes the mesh size and P2 is given by (3.10).
Given (3.10) and (4.3), the probability of a particle arriving at any interval at a
particular scale can be calculated for the meshed boundary in Figure 4.1. Equation
(3.10) also applies to the boundary with one-sided absorbing walls and the boundary
with no vertical barriers. For the latter, the discretization provided by (3.10) is not
necessary, as the interscale transition probability can be directly obtained from (3.6).
For the boundary with a one-sided wall, (3.8) is of no practical use, as the probabilities
have to be calculated over a semi-inﬁnite domain. In this case, the probabilities in the
domain at a large distance from the particle sources can be assumed to be zero, and
the computation may be limited to a ﬁnite domain which is obtained by truncating the
semi-inﬁnite domain using an imaginary vertical absorbing wall. Therefore, (3.10) can
be applied. It should be noted that the probability of a particle arriving at intervals
at a particular scale should converge as the mesh size decreases.
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Boundary discretization: particle method

Fig. 4.2. A symmetric one-dimensional boundary with parabolic walls.

To validate the proposed approach, it is compared with the particle method which
directly traces the trajectory of each particle. For that, consider a symmetric onedimensional boundary with two-sided parabolic absorbing walls (Figure 4.2):
√
⎧
2
< 5 − 52 2(m),
⎪
⎨ 0.4(x − 5) − 5(m) if 0 < x√
√
y= 0
if 5 − 52 2 < x < 5 + 52 2(m),
⎪
√
⎩
0.4(x − 5)2 − 5(m) if 5 + 52 2 < x < 10(m).
The particle source is located on the boundary at coordinates (x, y) = (5m, 0).
For the particle method, 10000 identical particles with transverse Brownian motion
are released to evaluate the probability that one particle emitted from the source will
be able to arrive at the upper bound of the boundary. The size of the time step, dt,
used to compute the particle positions in (3.1) and (3.2) is deﬁned as dt = ∆h/V ,
where ∆h is the mesh size used to discretize the boundary (see Figure 4.2) and V is the
velocity of particles. It is noted that the discretization of the boundary in the particle
method is diﬀerent from that in the multiscale method, as indicated in Figure 4.2. At
every time step, those particles located outside the discretized boundary are removed
from the computation, and the number of particles eventually reaching the upper
bound, Nu , is counted. The probability is calculated as the ratio of Nu to 10000. For
both methods, the diﬀusion coeﬃcient D and velocity V are taken as 5.0cm/s1/2 and
0.2cm/s, respectively. Results from the two methods are plotted in Figure 4.3, which
indicates that both methods give almost identical converged results as the mesh size
decreases. The multiscale method presented above achieves similar convergence to
the particle method at a much coarser spatial discretization.
An important issue that needs to be clariﬁed is that only Brownian particles
released from the horizontal ﬂat part of a boundary can arrive at upper scales. Particles emitted from the curved part of the boundary cannot escape arbitrarily small
vicinities around the source. This statement can be easily veriﬁed by observing that
the boundary can be truncated, without aﬀecting the dynamics of the emitted particles, by a horizontal line crossing the source point (Figure 4.4). Since the multiscale
method is valid for computing the probability of particles arriving at upper scales, it
can be used to obtain the results for the case shown in Figure 4.4. However, as the
mesh size for discretization is reduced, the rightmost vertical side of the bottom mesh
will approach the point source. Thus, with reference to (3.10), as h → 0, Lb → ai . In
the limit, as h → 0, P2 (i, j, h) → 0, indicating that particles with transverse Brownian
motion have a zero probability of escaping the curved part of the boundary.
For a continuous source along the ﬂat part of a boundary, the boundary is ﬁrst
discretized using a particular mesh size. The particles emitted within a mesh cell in
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Fig. 4.4. Particle source located in a curve boundary.

the microscale of the meshed boundary are assumed to be released from the midpoint
of this mesh cell. Then the probabilities of particles, which are emitted from the
midpoints of mesh cells in the microscale, arriving at mesh cells in the macroscale can
be computed. In the following, the microscale and the macroscale will be denoted
as s and s + 1, respectively (Figure 4.1). Suppose that the numbers of mesh cells in
the micro- and macroscale are ns and ns+1 , respectively, and that the probability of
particles, emitted from the ith mesh cell in scale s, arriving at the jth mesh cell in scale
s + 1 is computed as λi,j , i = 1, . . . , ns , j = 1, . . . , ns+1 . Then the joint probability
that fi,j particles, out of Ms (i) particles from the ith mesh cell in scale s, arrive at
the jth mesh cell in scale s + 1 can be obtained from the multinomial distribution
p(fi,1 , fi,2 , . . . , fi,ns+1 ) =

(4.4)

Ms (i)!
ns+1
fi,1 !fi,2 ! . . . fi,ns+1 !(Ms (i) − j=1
fi,j )!
s+1
⎛
⎞Ms (i)−nj=1
fi,j
ns+1
ns+1
 f

i,j ⎝
·
λi,j 1 −
λi,j ⎠
,
j=1

j=1
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where Ms (i) = int(ms (i)∆m∆t) and ms (i) is the value of particle ﬂuxes at the
midpoint of the ith mesh cell in scale s. The operator int(·) stands for the maximum
integer less than the value in the parenthesis.
The value of particle ﬂux at the midpoint of the jth mesh cell in scale s + 1 can
thus be obtained as
(4.5)

ms+1 (j) = Ms+1 (j)/(∆m∆t) =

ns


fi,j /(∆m∆t),

i=1

where ∆m and ∆t stand for the mesh size and time interval, respectively.
As the mesh size decreases, the particle ﬂuxes in scale s + 1 should converge to
their true distribution. Hence, for each realization of the process, ms , a corresponding
realization of the process, ms+1 , can be computed. A multiscale bridging model
relating the ﬂux processes of two diﬀerent scales, i.e., the operator Fs+1,s (·) in (2.8),
is thus constructed.
5. Numerical simulations and result analyses. Since in most applications
the irregular boundaries are very thin compared with LES computational domains
above them, particles incoming from the LES domain and crossing the imaginary
macroscale boundary are assumed to come in contact with the irregular absorbing
microscale boundary. Hence, the macroscale boundary can also be viewed as absorbing, and the particles emitted by it are only those released by the microscale boundary.
Therefore, to obtain appropriate particle ﬂuxes across the macroscale boundary and
into LES computational domains, it is necessary to estimate only ﬂuxes of particles
emitted from the microscale boundary.
To evaluate the eﬀect of the proposed multiscale EnKF data assimilation approach
on boundary ﬂux estimation, a boundary proﬁle, which is generated by replicating
the truncated parabolic function
⎧ 10
8
2
⎪
⎨ 9 (x − 0.5) − 45 (m) if 0 < x < 0.1(m),
if 0.1 < x < 0.9(m),
y= 0
⎪
⎩ 10
8
2
9 (x − 0.5) − 45 (m) if 0.9 < x < 1.0(m)
to eight adjacent positions (Figure 5.1), is used. Each shape element (a truncated
parabolic form) contains continuous sources at the bottom. In this example, we
estimate only the particle ﬂuxes across the bottom boundary and upper boundary at
y = 0.1m (referred to as microscale and macroscale ﬂuxes, respectively). Hence, only
two scales are used in the multiscale EnKF approach. This two-scale example can be
used as a template in constructing the estimation scheme across many scales.
The true microscale particle ﬂuxes are assumed to be constant in the time domain.
Therefore, for this example, the operator, Ls (·), in the microscale system model is an
identity matrix, I8Ns ×8Ns , where Ns is the number of mesh cells at the microscale of
each shape element. A stationary bandlimited white-noise Gaussian random process is
used to describe initial microscale particle ﬂuxes at the boundary bottom (Figure 5.1),
and accordingly an ensemble of initial realizations of microscale particle ﬂuxes, which
correspond to mrs,0 ∈ R8Ns , r = 1, . . . , Ne , in (2.3), are generated using the spectral
method [15]. The initial guess for the mean value of the random process is set to
400s−1 cm−1 , while the initial error spectral density function is plotted in Figure 5.2.
It is noted that the errors in the EnKF also represent the ﬂuctuations conditioned on
the a priori information.
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Fig. 5.2. Initial guess for the error spectral density function of the boundary microscale ﬂuxes.

For each realization of predicted microscale particle ﬂuxes, mrs,k+1|k , the corresponding predicted macroscale ﬂuxes, mrs+1,k+1|k , can be computed using the bridging operator Fs+1,s : R8Ns → R8Ns+1 , which is constructed in the previous section.
To compute the macroscale ﬂuxes, the microscale particle ﬂuxes, the diﬀusion coeﬃcient D, and the particle velocity V need to be known. The latter two parameters are
both microscale quantities, and hence can also be included in the microscale state ms
and estimated by the multiscale data assimilation method. Here, for simplicity, these
two parameters are assumed to be available a priori.
As shown in Figure 5.1, eight instruments with an identical length, 8cm, are placed
at midpoints of eight macroscale patches to measure the particle ﬂuxes across the
intervals covered by these instruments. The observation values at the measurement
locations at each time step zs+1,k+1 are computed assuming that the true microscale
ﬂux for the continuous source is a constant of 500s−1 cm−1 over the space and time
∗
domain. The operator Hs+1
(·) in (2.11) is a mapping R8(Ns +Ns+1 ) → R8 , and each
∗
r
realization of predicted values of the observation, h∗r
s+1,k+1|k = Hs+1 (Ms,k+1|k ), can
be easily obtained by computing macroscale particle ﬂuxes across intervals covered
by the eight instruments.
Each term in the Kalman gain matrix in (2.5) is obtained as follows:

Cmh =

N
e



r
(Ms,k+1|k

−

M̄s,k+1|k )(h∗r
s+1,k+1|k

−

h̄∗s+1,k+1|k )T

Ne ,

r=1

Chh =

N
e



(h∗r
s+1,k+1|k

r=1

(5.1) Cvv = Rv I8×8 ,

−

h̄∗s+1,k+1|k )(h∗r
s+1,k+1|k

−

h̄∗s+1,k+1|k )T

Ne ,
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Table 1
Parameters in the numerical simulations.

Ensemble size

500, 2000

Mesh size (cm)

2.0, 1.0, 0.5

Var. of measurement error

10.0

Diffusion coef. D (cm/s 1/2)

2.0

Particle velocity V(cm/s)

0.2

Time interval (s)

1.0

where Rv is the variance of measurement error, I is an identity matrix, and
M̄s,k+1|k =

Ne


r
Ms,k+1|k
/Ne ,

r=1

h̄∗s+1,k+1|k =

Ne


h∗r
s+1,k+1|k /Ne .

r=1

Diﬀerent mesh sizes are used to discretize the boundary. Statistical properties,
such as the mean value and error covariance of particle ﬂuxes crossing the micro- and
macroscale, are calculated from the ensemble. Parameters in the simulations, such
as the variance of measurement error, diﬀusion coeﬃcient, particle velocity, ensemble
size, and mesh size, are listed in Table 1. It is noted that the ensemble size has a very
small eﬀect on the statistical properties of ﬂuxes before and after the ﬁltering; thus
only the case where the ensemble size Ne = 500 is plotted.
At the beginning of estimation, the ﬁltering is made only at the ﬁrst time step so
that eﬀects of the mesh size on the updating of statistics of ﬂuxes can be examined.
The statistics of ﬂuxes before and after calibration are calculated and plotted in
Figures 5.3–5.6.
The estimates of microscale and macroscale ﬂuxes are plotted in Figure 5.3 and
Figure 5.5, respectively. Since the measurement values are all larger than the predicted particle ﬂuxes across the measurement intervals, the estimates of microscale
and macroscale ﬂuxes are all increased along the boundary after updating. In Figure 5.3, the updated estimates of microscale particle ﬂuxes have very similar spatial
conﬁgurations for mesh sizes of 2cm, 1cm, and 0.5cm. In Figure 5.5, there are two
clusters of estimates of macroscale particle ﬂuxes, of which the lower one contains the
estimates prior to the updating and the upper one the estimates after assimilation.
In each cluster, the estimates almost coincide for diﬀerent mesh sizes.
The ﬂuctuating parts of the updated microscale ﬂuxes are assumed to be stationary with zero mean. The associated error covariances of ﬂuxes are plotted in Figure 5.4. The error covariances of the macroscale ﬂuxes are directly computed without
the assumption of stationarity, and curves for the error covariances Cov(0.5m, x),
x ≥ 0.5m, are compared for diﬀerent mesh sizes in Figure 5.6. As can be seen in the
two ﬁgures, the variances of micro- and macroscale ﬂuxes are both reduced because
the measurements are informative to the model predictions. Similar to the observations in Figure 5.3, updated variances are almost the same for diﬀerent mesh sizes
in Figure 5.4. In Figure 5.6, the covariance curves prior to updating are clustered
(cluster A) and exhibit strong correlation. The covariance curves following updating
are also clustered (cluster B) with a much diminished correlation. It can be seen
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Fig. 5.3. Estimates of the microscale ﬂuxes; Ne = 500.
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Fig. 5.4. Error covariances of the microscale ﬂuxes; Ne = 500.

800

146

YU ZOU AND ROGER GHANEM

600
400
0

200

estimate of fluxes(/s.cm)

800

predicted estimate, meshsize=2.0cm
predicted estimate, meshsize=1.0cm
predicted estimate, meshsize=0.5cm
updated estimate, meshsize=2.0cm
updated estimate, meshsize=1.0cm
updated estimate, meshsize=0.5cm

0

200

400

600

800

position(cm)

1200

Fig. 5.5. Estimates of the macroscale ﬂuxes; Ne = 500.
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Fig. 5.6. Comparison of error covariances Cov(0.5, x), x ≥ 0.5m, of the macroscale ﬂuxes;
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Fig. 5.7. Updated estimates of microscale ﬂuxes at diﬀerent time steps; Ne = 500; mesh size =
0.5cm.

that curves in each cluster are very similar for diﬀerent mesh sizes. Therefore, it
can be concluded that estimates and error covariances of microscale and macroscale
ﬂuxes converge very rapidly as the mesh size is decreased. As the mesh size equals
0.5cm, these statistics are almost converged. It is again noted that in the context
of the EnKF the error covariances of the estimated states are in fact the conditional
covariances of these states and can therefore be construed as useful statistics.
Based on the observations of the above preliminary estimation, an ensemble
size 500 and mesh size 0.5cm are used to complete the ﬁltering procedure. Here, the
estimates and error covariances of particle ﬂuxes are calibrated at 10 successive time
steps, and the results at some time steps are plotted in Figures 5.7–5.11. Figure 5.7
shows that the updated estimates of microscale particle ﬂuxes converge to the true
constant value as the time proceeds. In Figure 5.8, the updated error covariances of
microscale ﬂuxes almost converge to the true value, which is a constant covariance of
zero. Updated estimates of macroscale ﬂuxes are plotted in Figure 5.9. It can be seen
that these estimates at diﬀerent time steps are very close to the true mean value, which
is computed by assuming the true microscale ﬂuxes are a constant of 500s−1 cm−1 over
the space and time domain. Curves for the covariances Cov(0.5m, x), x ≥ 0.5m, of
the updated macroscale ﬂuxes are compared in Figure 5.10, and they all agree well
with the true covariance of macroscale ﬂuxes. The diﬀerences between these curves
and the true covariance are shown in Figure 5.11, which indicates that these diﬀerences are very small when compared with the true variance. All these results show
that the statistics of macroscale and microscale ﬂuxes converge very rapidly to the
true statistics as the ﬁltering procedure proceeds in the time domain.
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Fig. 5.8. Updated error covariances of microscale ﬂuxes at diﬀerent time steps; Ne = 500;
mesh size = 0.5cm.
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6. Conclusions and remarks. A multiscale data assimilation approach using
the EnKF method is suggested in the present paper to estimate particle ﬂuxes across
diﬀerent scales in boundaries with arbitrary proﬁles. To implement this approach, a
multiscale bridging model is constructed to predict coarser-scale particle ﬂuxes from
ﬁner-scale ﬂuxes by considering particles with transverse Brownian motion. Instruments can be laid out at locations in diﬀerent scales to provide observations for the
estimation. An initial guess on the statistics of the microscale particle ﬂuxes must be
available a priori for the implementation of the proposed multiscale data assimilation
approach. An example is used to verify the eﬀect of this approach, and the results
show that it can eﬀectively estimate the statistical properties of ﬂux processes. Although this example is dedicated to estimation of particle ﬂuxes, the multiscale data
assimilation method proposed in this paper can also be used to estimate the diﬀusion
coeﬃcient D and particle velocity V . The statistics of the macroscale particle ﬂuxes
can be used as boundary conditions for numerical simulations, such as LES, of particle
transport problems such that eﬀorts to take ﬁne-scale ﬂuxes as boundary conditions
can be avoided.
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